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Introduction

Based on: arXiv:2204.02318, arXiv:2211.10548, arXiv:2212.05388, arXiv:2303.02597 & 2312.01470
Monte-Carlo (MC) simulations play a pivotal role both as a technique to compare theoretical predictions to
experiments and to facilitate the interpretation of the measured experimental results in particle physics.

= require Infra-red safe calculation for QED interactions for comparisons between data and theory.

Fundamental open questions:

1) What is the origin of the quark-constituent mass? Is it related to Chiral-symmetry breaking?

2) What are the physical hadronic states that we observe and are they resonances?

Kt 3) How do hadronic states radiate?

4) What is the mixing between the singlet and triplet states?

5) How do we describe the resonant states, taking into account

their finite size?
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Standard Model

Nature is described on the smallest scale in terms of fundamental particles...
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Standard Model

Nature is described on the smallest scale in terms of fundamental particles...
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Quark-Constituent Mass

In the Standard Model, the mass of the fundamental
particles is generated through electro-weak symmetry
breaking with a scalar field = the Higgs

Symmetry breaking was developed to explain
super-conductors (BCS-Theory 1957)

The Higgs interaction accounts for ~1% of the mass of the proton.

The remainder of the mass believed to be generated through the strong interactions....
= referred to as the “Quark-Constituent Mass”.

Baryons (qqq) In many hadronic models, the generation of the Quark-Constituent Mass is
associated with the low mass scalar resonances through a Chiral-symmetry
Breaking mechanism:
« Chiral Lagrangian Models [44, 45, 46, 47], Linear Sigma Models [48, 49,
50, 51, 52,53, 54]
= L « m? - decay rate directly dependent on m? = tends to have ¢ /T" & m?
= scalar states are resonances

« Additionally, Non-Linear Sigma Models [55] (Skyrme Model [56, 57, 58])
and Nambu-Jona-Lasinio Model [59] also generate mass through a Chiral-
symmetry Breaking mechanism, but can incorporate vector and pseudo-
scalar states in addition to the scalar meson states [43, 58].

In other theoretical constructs the mass generation is not necessarily directly related Chiral-

symmetry Breaking and scalar mesons [60, 61, 62, 63,64,65,66,67] ...
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Approach to QED Calculations

In QED, the interaction can be described in terms of the free field Lagrangian density and
interactions Lagrangian density [112]: L =Ly + L;

Lo = N[ (ty#d, — m)p(x) — 5 (3,4, ()04 ()]

Ly = N[eyp(x)y A, (x)p(x)]
Within the “Interaction picture” the corresponding equation of motion is #,|¢(t) > = 1= |é(t)>
Dyson showed that this can be solved iteratively using perturbation theory if the coupling constant
a<1..[112]

1(6) > = |¢(—w0) > —1 [1 dty Hy(t)|p(=00) > +(=)2 [ dty [ dtoHy(t)Hy(t2)|p(—00) > + -
Taking into account the time- orderlng such that Iater times are on the left in the limit that t - o

>s5 = Z( 2 fd t fdxz fdng Hy(x)H;(x2) - Hy(x0)]

— 00

Where (¥ (0)|s|yp(—o0)) represents the transmon amplitude. After applying Wicks Theorem to write
the s matrix in terms of normal products which are reduced to the non-vanishing propagators and
vertices[112]. The individual terms in the s matrix expansion can then be associated with individual
interactions [88,89]
Born

NLO

— 9 —
M = Dz (p2)ieyus(p0) " 7 us(P3)iey s(pa) + ..
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Approach to QED Calculations

The Feynman matrix amplitude/matrix element (M) is related to the transition amplitude
(Y (0)|s|y(—o0)) by spinor normalization, phase-space factor and normalized per unit time
and volume. The cross-section is defined relative to the transition amplitude divided by the
incident flux per unit time thus removing the arbitrary time and volume
dependency[112,88,89]. ,

Yol Xiea M| dPS,

4’( Fe‘ I_:;e"‘ Ee‘)

do =

E.+ +

This cross-section is determined in terms of the spin-averaged sum matrix element |M | for
n hard-photon emissions and k photon exchanges.

The differential phase-space is represented by dPS,, for each of the of the n hard-photon
configurations. The phase-space integral in the MC generator is based on the recursive mass
formulation [84] modified with embedded Importance Sampling [85,86] to optimize the
simulation efficiency and Jacobian Normalization factors

Ji—m,)? 1 |AGs.M2_y m2)
Ru(V) = e ™) ) dME_, [ dcos(8) [™ dp ¥ ———"" X Ry-y o,y [EG. 3,84

lan M. Nugent Liverpool Seminar (January 23, 2024) 7



Phase-Space Simulation

The phase-space [84] has been extended with importance sampling to simulate n hard-
photons in all combinations of Initial-State, Final-State photon geometries including
admixtures of Initial/Final-State photons. Importance sampling is embedded in each of the
geometric configurations approximating the expected QED structure allowing for a more
efficient calculation of the near-divergent differential cross-section.

mq+---+my)? 8s

Ji—m,)? 1 A M2y m2)
R,(Vs) = f( #m) dM?:_, [ dcos(0) [ d¢ X Rp-1(m,-1) [EQ. 3,84]
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Soft-photon cut-off of 1MeV
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Phase-Space Simulation

The phase-space [84] has been extended with importance sampling to simulate n hard-
photons in all combinations of Initial-State, Final-State photon geometries including
admixtures of Initial/Final-State photons. Importance sampling is embedded in each of the
geometric configurations approximating the expected QED structure allowing for a more
efficient calculation of the near-divergent differential cross-section.
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Soft-photon cut-off of 1MeV
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Divergencies...

In the perturbative expansion, represented here in terms of Feynman Diagrams, there are two
problematic sources of divergencies....

®

lan M. Nugent

Born

Liverpool Seminar (January 23, 2024)

Diverges in limit AE; - 0
Infra-red divergences...

This is analogous to the
“electron falling into the proton’
by J. Lamour [176]

Poisson Distribution
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Infrared Divergencies...

Infra-red divergencies in the theory [89,99,100]...

hard interaction As k; — 0 the matrix element diverges...

_ AR AN o
_— s = B (Mg ulpe) X € (,,—k - ,,”—k) xe (,,—k - #) Lxe( e
hard interaction
(0e] Xm
= ——meee X Z o = V(Pp) (M hara)u(@a) X e*  Virtual soft-photon terms
m=0
- e D B(Py) (M) ulp,) x € Real soft-photon terms

Upon summing the virtual and real soft photon terms, the infra-red divergences cancel.
o S This yields an exponential term factor that is infra-red safe = (pp) (M pagra)U(p,) X eX+Y
T See [100] for a more formal proof.

This Yennie-Frautschi-Suura exponential term is a multiplicative subtraction [100].
lan M. Nugent Liverpool Seminar (January 23, 2024) 11



Approach to QED Calculations

= The cross-section must be modified to include the multiplicative Yennie-Frautschi-Suura
Exponentiation procedure, to remove the infra-red divergencies, where M is taken as the

soft-photon cut-off. . ) 2 oo g |2
_ 2n=o0 Y:(Q7)Y((QP) Xy M%| dPS,

do = —
A4(|Pe-|Eg+ + |Po+|Eo-)

Requiring Lorentz invariants of the cross-section it follows, that in general, there must exist a
Lorentz invariant representation of the single variable upon which the Yennie-Frautschi-Suura
Exponentiation Form-Factor depends and the soft-photon cut-off associated with this term
must also be Lorentz invariant

M —M=46M
For consistency with E,,;, of the experimental detector, 8M < E,,;;, SO that the impact of
neglected y emissions is negligible after reconstruction.
Gauge invariance of the fermions self-energy and vertex graphs are taken into account
through the association of the cut-off criteria applied to each individual vertex, where ordering
Is taken into account for multiple photons
This satisfies all of the conditions for the generalized Yennie-Frautschi-Suura Exponential
Form-Factor [100].Taking M' = /s, we equate this to the “special case” through

_s— (Vs -ém)*
_ e

The E; is a “special case” of the more generalized Yennie-Frautschi-Suura Exponential Form-

Factor in the e* e~ centre-of-mass frame [100].
lan M. Nugent Liverpool Seminar (January 23, 2024) 12
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YFS Exponentiation Form-Factor

In addition to the Yennie-Frautschi-Suura calculation [100]

2 2

s—2m s—-2m
e in(
my 4Ego e my

we include the ultra-relativistic approximations from KK2F [3]

ultra-relativistic approximation + neglected terms

2

2—"‘<11~f_2’2"l2 1) ln<2Ef/9f t)+i<lns_272nl2 1)+E< Ly
YII =e T mj S 2T mj T 2 3
and the Sudakov Form-Factor [89]

a[ 1 m2-q2%/2 —-q2
b o)
Y, =e Z\°0m*-a*¢(-0 Esort) divergent only components

) ultra-relativistic approximation + neglected terms

The Schwinger’s approach to LO QED [101] with Yennie-Frautschi-Suura Exponentiation [100] is
merged in ee € MC [2204.02318]

v’2

(1+v'2)in

VZ—VIZ

Yy =e <[(1 vOr-1] [ln( )+1]+X() (1+V) dev ):,(,1; )) n<P fy av'
w =

where the Coulomb attraction [94,101] is removed from the exponentiation and included through a
separate series for Type IV
/v

)

Yiv = Yy X
1—6_(V

= TX( )T3(1 >z )X(V)>_Fc|0(a)
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13



Renormalization and Wards Identity

There are additional higher order terms Ultra-violet divergences are removed by applying a
that contain ultra-violet divergence regularization parameter and then take the lim .

A—o0

@ e Ny ) Regulators are
I N\ chosen to % ﬁ
| @

. preserve the

required physics. @Q

self-energy loop

vertex loop
Using Ward ldentity A*(p,p) = % =7, =12,

u
e = egz; ' Z\JZ3 — e = eg\/Z3
= renormalization is described by the photon vacuum
polarization.

—l9uy R —l9uy 1 N —l9uv 1
q? q> \1-1'(g») )o@ q* \1-TI(q?) —T1(0)

This was proven to be true for all orders by Itzykson and
Zuber in 1980 [88,89,112].
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Running of aygp

Renormalization is included through the running of the coupling constant [17, 96] by means of
Wards Identity [88] for the first order leptonic [96] and hadronic vacuum [17] polarizations

within the “on-shell" renormalization scheme.

The hadronic contribution is factorized into the
pert—had _ G« : s 5 % C
Saypp (S)—g z Q N l"<?>_§ < 0.25 F
f=usdc f f r
and non-perturbative regime 02
Sconpert—had . as P Seut  ds'Ryata(s’) p “ ds,QIZ”NCf 0.15
aQED (S) - _g fmthresm J-7ncut S'(S’ B S) U 1

Narrow resonances are included through
the approximation:

—3T,+,-5(s — M4 —T?)
aMp [(s - m2)* + M3r?| -0.05

H;/ren (s) =

-0.1

[17] for the J /4, ¥ (2s), P(3s), Y(1s), Y(25)45
Y(3s), Y(4s) resonances [43]

*Uehling-Seber [94] effect is implicitly included through the running of aggp

perturbative
Fr T 11 | | 7
_5aHad(“)+L€p£“+l) _:
- ()‘(l.,‘ﬂpft:) i
----- - dalmpi“*l) I
Q\ S
s 1 1 1 1 J 1 1 1 1 I 1 1 l 1 1 1 1 I 1 1 1 1 I 1 1 1 1
0 2 4 6 8 10 12
Figure 2 [arXiv:2204.02318] Vs (GeV/c?)
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Additional Feynman Diagrams Results

ee € MC contains the Feynman diagram for Born (M*=1) and all radiative emission diagrams at
LO (M=), NLO (M%=1), NNLO (WM k=1) for Initial-State and Final-State including Initial/Final-
State Interference. Additionally all NNNLO (M*=1) diagrams corresponding to Initial-State
radiative emissions are also included.

12— ,

= T L — —T
£ sa(ete” = ptum(ny)) [Ey = 100MeV] E 09 | ea(eTe” = 7T (ny)) [Ey = 100MeV] ]
= r a(ete” = ptpm(ny)) [Ey = 50MeV] = C alete” = 777 () [Ey = 50MeV] ]
Ti 1B e oleTe” = puTu (ny)) [E, = 10MeV] = 08 L e a(eTe” = 7T (ny)) [Ey = 10MeV] .
2 e a(eTe” = puTpT(ny) (B, = 1MeV] ' F eo(cTe” = 1T (ny)) [Ey = 1MeV] ]
~ + B ]
=t - 07 b -
T i i 1 T ]
I 0.8 — - r
g - 1 & 06 F £ 3
% T
06 . - 0.5 = 3 ]
i 04 | E =
L . ] i C
0.4 ] r
- E 0.3 ! —
i
0.2 —
0.2 - ]
| ]
(J-I — L ] —_
ol v vy e ey P P R N SN
0 ! 2 3 ! 0 1 2 3 4
V. N

Figure 2 [arXiv:2212.05388]

At E, = 1MeV, the eTe™ - u*u~(ny) NNNLO (MK=Z1) contribution is ~0.006-0.008nb....

Given the expected relative ISR+FSR and FSR contribution for NNNLO expect a truncation error
of ~ 1 — 1.5% on any NNLO calculation for a 1MeV soft-photon cut-off.

For comparison, KK2F is only up to NNLO (3y).
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YFS Exponentiation an Infinite Perturbative Series

YFS Exponentiation subtracts the infra-red divergences for all orders of Feynman diagrams,
however, only a small sub-set of the Feynman diagrams are included into the simulation.
» This necessarily implies that there is a theoretical error on the predictions due to the truncation of the
infinite Feynman series.
« Since the multiplicative subtract of the Infra-red divergences is positive definite, the predicted cross-
sections tend to be reduced by the truncation.
= Born (MX=1) and all radiative emission diagrams at LO (Mk=1), NLO (M*=1), NNLO (M k=1) for Initial-
State and Final-State including Initial/Final-State Interference are included. Additionally all NNNLO (M¥=1)
diagrams corresponding to Initial-State radiative emissions are also included.

LA L s B e B B e e N s S B B e B A B S B S B A B LN ) I B B B E N L N S B N R S R B NN S L BN BN S B B B B

£} 12 | 1 = 12 L i
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= G
g N
3 1+ 4 = s —
T . . T T I I I -
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Y = ¥ [ ] ¥ " [ v
L 08| " 1 = 0.8 - -
- i ) . . . . . = ] c C ]
5 ’ 1 i Born+LO+NLO+NNLO+NNNLO
= i Born+LO 1 i i
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— Tpom(ete” = ) — OBarn(€Te” = 7777) | I _”f‘g,’.‘.':.?f“f ) _(’fbf-:.’;.’f.@‘;*ﬁf =)
os L o iar(ete” = ptu) orkar(ete” = 7777) 1 o4 L o teleTeT = T (ny) s bylleTeT = 7t () h
: Trype—rleTe” = pt (7)) o TrypeileTeT =T (7)) L ¥ oecenclete” = ptp~(ny)) A oeeniolete” = 7777 (ny)
orype—ri(eTeT = (7)) Wopype_rrlete” = 7717 (v))
L Orype-r11(ete” =t (7)) A orypern(eTe” = 7777(7)) \
02 Y apgpe-rvieteT = ptpT () ¥ orgpe-nv(eteT = (7)) - 02 b .
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-3 25 9 5 1 0.5 0 0.5 3 25 2 15 1 0.5 0 0.5
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Figure 5 [arXiv:2204.02318] Figure 3 [arXiv:2212.05388]
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YFS Exponentiation an Infinite Perturbative Series

YFS Exponentiation subtracts the infra-red divergences for all orders of Feynman diagrams,

however, only a small sub-set of the Feynman diagrams are included into the simulation
» This necessarily implies that there is a theoretical error on the predictions due to the truncation of the
infinite Feynman series.
« Since the multiplicative subtract of the Infra-red divergences is positive definite, the predicted cross-
section tends to be reduced by the truncation.
« As with the Feynman mass approach to subtracting infra-red divergencies as the soft-photon cut-off is
reduced, the contribution of higher order terms to the perturbative Feynman series increases.
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n o] A theoretical uncertainty can be estimated from the dependence of L) ;
B or-| the cross-section on the soft-photon cut-off. "
02k von,.| This procedure can be generalized when the most significant terms .
i from the Feynman series are included in the simulation for a given ]
I Ll
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logio(Er) (logia|GeV]) ) ) logio(E) (logio|GeV])
Figure 5 [arXiv:2204.02318] Figure 3 [arXiv:2212.05388]

lan M. Nugent Liverpool Seminar (January 23, 2024) 18



Conditions for Infra-Red Safe Photons

Within the Yennie-Frautschi-Suura Exponentiation Formalism, the number of hard-photons is
an infra-red safe observable when the soft-photon energy in the laboratory frame, §M, is less than
the minimum detectable energy in the experiment, E,,;,,, [100].

L2 .

so(ete = ptu [E —IOOUfl]

» For a soft-photon cut-off using §M: If §M is chosen )
) [E, = 50MeV]
)
)

to be sufficiently small, 8Mc? < E,;,, then the
number of “soft-photons” above E,,;;, can be made
arbitrarily small or negligible in the laboratory
frame.

* When there is a negligible truncation error, this
condition can be verified, by computing two values
of 6M. If the change in the number of hard- b ' ;
photons is negligible, both values of §M satisfy the — :
condition for the number of photons being an infra- 02 L . ;
red safe observable. If the condition is met or the ] , ) ]
deviation is sufficiently small, a theoretical S 3 e
uncertainty can be applied. Otherwise a lower Figure 3 [arXiv:2212_0538é] N,
value of 6M is required.

!
s eo(ete = ptp
ec(ce = putp

[E, = 10MeV]

(1
alete = prp(r
(v
(r [E, = 1MeV)

t)
1)
1)
1)

!

0s | ]

aglete™ = utpu=(n7y)) (nb)

0.6 |- . ]

This condition is essential for any analysis that applies a selection criteria on the number of
photons or applies a statistical method which includes the photons. To have a physically
meaningful comparison between the data and MC the observables being studied must be infra-red
safe within the given theoretical prediction.
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Exponentiation vs Feynman Mass Subtraction

aleTe™ = ptu=(nvy)) (nb)

YES Exponentiation

J-2 ] I " j T i i Y . Y T ! 4 Y ! T T T T T T T T T T T T T T T T T T
eo(ete™ = utu~(ny)) [Ey = 100MeV] 1= 12 | ' ' ' [ ' ki
olete” — /,‘*‘/,—(,1»\,)) [E~, = ,*')()j\[p\"] 1 g Cartoon Diagram: Feynman Mass-Subtraction Method
L o i, : 11z
s eo(ete” = putu~(ny)) [Ey = 10MeV) 11z o
eo(ete™ = ptu~(ny)) [BEy = 1MeV] 1= s . PR
- i l:_' * . -
0.8 |- 1= i ) .
- . . 1 1= 0.8 - * —
Non-linear behaviour as a T i "~ .
I - 1 |- [ — ot S U (v) .
el |, function of log,, E; N A A )
r ] B e (e Lo
o aMC(IHIm 5 'Y
_ - 3 4 | MC (14— +
na | . oa [ 7B 20N ]
i ] T e o MO 5 1
3
2 . ] 0.2 [ : T 4
|
0 T . . ola >y o0 v N L Ly ™
5 : 5 3 | 5 4 -3 / -2 1 0 1
v logio(E) (logio[Arbitrary])

Feynman Mass-Subtraction

« Method used in MC for e*e™ hadron vacuum

polarization measurements (g-2)

Linear behaviour as a function
of logyy E;

Naively, ratio of 1 y to 2 y events are inconsistent at 1MeV and 10MeV with exponentiations

= only one value of E}, where the two methods will coincide
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Approach to ete™ -» Hadrons(ny) Calculations

Foraete™ —» V - PP interaction the Born level matrix element may be written as

_ Iuv _
ME = (Ve Y"'h)% (uzie Qfvy)

Within the hadronic current formalism from which the hadronic t decays are constructed this

becomes:
B I Effective hadronic
MY ~ (Tyie y'uy) —5-1e Qf@ current
Where 1
q'q”
JV = NF(s)(g""— qz )Pa — Pb)a

 F(s) is the model dependent Form-Factor (Vector-Dominance,yRL, Flux-Tube Breaking,
Quark-Pair-Creations Model,...)

. (gva—%) is the tensor component of the spin 1 propagator

*  (pg—DPp)gisthe V — PP vertex coupling
* N is the current amplitude calculated in the given hadronic model
«  Within the effective theories constructed from the SU(3) generator [129] N implicitly
includes the colour factor N, [89]. Therefore we use the convention that N, is implicitly
included in N
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ete™ - Y(4s)(my) > BB~ /BB’ (ny)

The ete™ - Y(4s)(my) » B*B~(ny) and ete™ - Y (4s)(my) - B°B°(ny) decay models are modelled with the
Quark-Pair-Creation Model [216,217,218] using the parameterization from [219,220].

Vacuum
Quark-Pair

Form-Factor is normalized within the Chiral limit under the assumption I' <K M q
5 —
F(S) — — > ? q / q
(s—=m2(s))+MTtotq1(S) —
' _1 a(s) _
=1 et )| '
With Teotar(s) = =198y Zm=+11s (M, @)| = [30,31] q
1 ) a\% 16 a\3
1,(m, q) =\/:—5<14R2ﬁ+ 16R* (525) + 2R (555) )Il(m,q)
R2R%h2q2
8v6( RRp \°'° hRE \ 5
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Current amplitude is normalized within the SU(3) Chiral limit where the heavy-quarks are treated as singlets =
the effective Lagrangian is constructed from only the light quarks in the heavy-quark meson - 3 and 3.

The resonance structure is dependant on the harmonic-oscillator wave-function in the Quark-Pair-Creation Model
[216,217,218] and this impacts the phase-space. Therefore, the Form-Factor is further modified to take this into
account, normalizing at the pole-mass to remove the phase-space contribution from the channel dependant width

l—‘BxEy (s)

_ 3
F(s) Ip,5,(s) X (s/B83)

(s = m2(s)) + tMTo¢ai(S)

This allows for the phase space difference to be taken into account between the

ete™ > Y(4s)(my) » BB (ny) and ete™ - Y (4s)(my) —» B°B°(ny) decay modes.

B mesons decays are currently not simulated
lan M. Nugent
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Radiation Models

Radiation models are extensions based on: J.P Lees, et al, Measurement of the Initial-State-Final-State Radiation
Interference in the Processes ete™ —» utu~y andete™ - n*n~y, Phys. Rev. D, 92:072015, 2015 [221].

The models for the outgoing mesons in [221] are:
I.  Assume Tygp > Tocp = Y radiates off the Final-State meson — Klein-Gordon
li.  Assume y radiates off the particles at quark level — Dirac-Spinors

Final-State radiation models need to be applied to both the Exponentiation with radiative emission
and the Coulomb potential. Therefore the models are extended as:

MOdel 1: Assume TQED > TQCD
= y radiates off the Final-State meson — Klein-Gordon

The Schwinger’s approach to LO QED of scalar particles [101] is merged with the Yennie-Frautschi-
Suura Exponentiation [100] following the procedure in ee € MC [2204.02318]

v'2
!

2 2 vdv' r 2 (1+v’2)ln
TH{1a-vxw-11[im( a2 v aG) o 2 v LT

Yspin—O =e€

where the Coulomb attraction [94,101] is removed from the exponentiation and included through a
separate series
/v

)

Y >V XE =YX
1—e_(v

= Coulomb potential interacts with Final-State mesons — meson charge and mass is applied to E,
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Radiation Models

Model 2: Is constructed in terms of colour singlets and flux-tube breaking...
Flux-Tube

Residual QCD Potential

Colour Singlet

Vector mesons are formed from a colour singlet of valence quarks bound by a “Flux-tube”
surrounded by sea of residual gluons and sea quarks.

* Model based on the assumptions that
I Confinement in QCD by flux-tubes
ii.  Conservation of angular momentum.
i agpp K as
Iv.  Colour singlet size « wave-length of photon emissions
= colour singlet can be approximated as a point particle when radiating off a photon

lan M. Nugent Liverpool Seminar (January 23, 2024) 24



Radiation Models

Model 2: Is constructed in terms of colour singlets and flux-tube breaking...

Vector meson formed from colour singlet of
valence quarks bound by “Flux-tube”. Surrounded
by sea of residual gluon field and sea quarks.

Time

”

Sea quark pair created as the “Flux-Tube

v H M between valence quarks breaks and

two new colour singlets are formed.
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Radiation Models

Model 2: Is constructed in terms of colour singlets and flux-tube breaking...

Vector meson formed from colour singlet of
valence quarks bound by “Flux-tube”. Surrounded
by sea of residual gluon field and sea quarks.

Time

Sea quark pair created as the “Flux-Tube”
between valence quarks breaks and
two new colour singlets are formed.

- Bound by residual QCD potential
v H M » Coulomb potential is dominated by small distance
scales m.rr = m,, + m; with meson charge

- Initial singlet states can be spin-0 or integer spin
- agpp K ag = spin transferred to gluon field
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Radiation Models

Model 2: Is constructed in terms of colour singlets and flux-tube breaking...

Vector meson formed from colour singlet of
valence quarks bound by “Flux-tube”. Surrounded
by sea of residual gluon field and sea quarks.

Sea quark pair created as the “Flux-Tube”
between valence quarks breaks and
two new colour singlets are formed.
- Bound by residual QCD potential
H M - Coulomb potential is dominated by small distance
scales m.rr = m,, + m; with meson charge

- Initial singlets state can be spin-0 or integer spin
- agpp K ag = spin transferred to gluon field

< Time

The vector meson disintegrates and forms
the two independent pseudo-scalar meson
total angular momentum of the system
being conserved.
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Radiation Models

Model 2: Is constructed in terms of colour singlets and flux-tube breaking...

Vector meson formed from colour singlet of
valence quarks bound by “Flux-tube”. Surrounded
by sea of residual gluon field and sea quarks.

Sea quark pair created as the “Flux-Tube”
between valence quarks breaks and
two new colour singlets are formed.
- Bound by residual QCD potential
H M - Coulomb potential is dominated by small distance
scales m.rr = m,, + m; with meson charge

- Initial singlets state can be spin-0 or integer spin
- agpp K ag = spin transferred to gluon field

< Time

The vector meson disintegrates and forms
the two independent pseudo-scalar meson
total angular momentum of the system
being conserved.

- Colour singlet size « wave-length of photon
emissions = y radiated from singlet with
Mesr & Mpmeson @aNd Meson charge
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Radiation Models

Model 3: Assume 7ygp > To¢p for the YFES Exponentiation and radiative emission

= y radiate off of the Final-State meson — Klein-Gordon
Assume Coulomb potential acts on small distance scales and = at quark level

— quark charge and mass is applied to F, for the quark with the lowest v = 8 = \/1 —4mg/s

Model 4: Assume y radiate off the particles at quark level [221]
— Dirac-Spinors
Assume Coulomb potential acts on small distance scales and = at quark level
— quark charge and mass is applied to F, for the quark with the lowest v = 8 = \/1 —4mg/s

Models 1 & 2 are preferred based on arguments of confinement with Flux-Tubes. This is
supported with the results from [221].
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ete™ - Y(4s)(my) > BB~ /BB’ (ny)
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ete™ - Y(4s)(my) > BB~ /BB’ (ny)

By exploiting the constrained phase-space of Y(4s) - B*B~(ny) and Y(4s) — B°B%(ny) processes,
a comparison of the relative enhancement due to the Coulomb potential can be used to
discriminate between the Radiative Models.

Relative enhancement: Model 1:Model 2: Model 3/4 - 20.28%:1.98%:0% at the pole-mass
= Model 1 can be excluded. This implies that the Coulomb potential must be applied at either quark
or singlet level and not at the meson or baryon level. Supported by [222] on ete™ - ptp~.

An uncertainty of ~0.3-0.4% is required on the ratio: e(e*e™ - Y(4s) » B*B~(ny)):a(e*e™ — Y(4s) » B°B°(ny))
to distinguish between Model 2 and Model 3 [Test assumption of QCD confinement with Flux-Tubes].

Flgure 4 [arXiv:2303.02597] Flgure 2 [arxlv 2303 02597]
— LIS ey e B e B I L B B B B h FrorTrT T rrerT T rrrrrTTT T T T T T T
| : 5 o7k e ete” — Y(4s) - BTB~
= B — Maodel 1 ] T F o ete™ — T(4s) — BB ]
B i — Model 2 i I . ete™ = T(4s) = B¥B™ (o5 = 5MeV)
B —Model 3 and 4 ] . 0.6 ete™ = Y(4s) = B°B’ (op = 5MeV)
T 0.8 - Theory: eTe™ — T(4s) — BTB~
= 05 C - Theory: e*e™ — Y(4s) — B'B° §
a i 04 F ! .
T r a2 -
i 03 1 E
0.2 | 02 \ ;
i L ,:“ ",“x . ]
i 01k Q'”m% .
0 i N ]
L 3 rd e
C ] o Lo deff v v b b e LT e e 1005
10.56 1057 1058 1059 106 10.61  10.62  10.63 1064 10.65 10.66 10.55 10.56  10.57 1058 10.59  10.6 10.61 10.62 10.63 10.64 10.65
Vs (GeV/et) Vs (GeV/c?)

lan M. Nugent Liverpool Seminar (January 23, 2024) 31



ete™ - Y(4s)(my) > BB~ /BB’ (ny)

« The Coulomb potential is often taken into account at the meson level e*e~ - Hadrons measurements
which are used for determining the hadronic vacuum polarization to g-2 [223,224,225,226].

« This implies that the Coulomb potential can not be a viable explanation for the low mass excess found
in hadronic T decays which are commonly interpreted as scalars [227].

I I I

% Figure 2(b) [arXiv:1310.1053] |
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Overview of T Decays

The differential decay rate of the t lepton at Born level is,

_ 1 2
dl' = Py | M| X dPS . v,
where v
Leptonic Deca : : e, U q
P y 6+ 2V Effective hadronic
uv _
M= — L [agyr 2 ul]l = Mzwl [y 22, current
Semi-Leptonic decay
qwlv qudv -
Oty Ver Vi, q
T | B | e

JV represents the hadronic current for a given decay mode and hadronic model. All Final-
State spins are summed over. The Initial-State spin average depends on the QED polarization
interface algorithm.

Categories of Hadronic Models

I Chiral-Resonance Lagrangian Models

ii.  Vector-Dominance Models

iii.  Empirical Models from previous Experiments

Iv. Flux-Tube Breaking Model: “Chromoelectric Flux-Tube Breaking Model" constructed in the context on
the “strong coupling lattice formulation" [61, 121, 122] combined with a “revitalized [3P,] quark model"
[33, 60, 61,121, 122]
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Hadonic T Decays

Model Decay Modes Resonances
Tsai[111] "o v, T > K v,
Kuhn-Santamaria [18,70] | ™ > n %, 1~ - K K%, v~ > n n n*v,, 1~ - n nrz%; p(770), p'(1450), p"(1700), a,(1260)
Decker-Mirkes-Sauer- T onnatv, T on n’nl,, tT > K nntv, 1T - K nn%,, 1 > | p(770), p'(1450), p''(1700), a,(1260),
Was [118] n Kn%;,,, v > K n K*tv;, 77 > K7 K%, 77 > K n’°K%,, 1~ > K*(892), K*'(1410), K*""(1680), K, (1400)
K K K*v, 17 > n n'v,
Finkemeier-Mirkes o %, T K %, 1T 51 K%, 17 > K K%, 1" > K nv,,, p(770), p'(1450), p" (1700), a,(1260),
[68,127] 7 = K n958)v, tT > K nntv, 17 - K nn%;, 17 - nK°nO,,, K*(892), K*'(1410), K*"'(1680), K;(1430),
T o> K n K*v, ™ > K°n K%, 17 - Kdn"Kv,, 17 - Kn"KQv,, K1(1270), K1(1400)
1 > Kln"Klv,, 17 - K %K%, 17 > K K K*'v,
Tauola [87] ™ >ty p(770), p'(1450), p"(1700), w(782),
Feindt [119] T sty 1T - nnlv, p(770), a,(1260)
CLEO [35][38][39][123] o %, T sty 1T - %, T s> ey, p(770), p'(1450), p" (1700), f,(600), w(782),
> K nrntv, a,(1260), a, (1640), K*(892), K*'(1410),
K*"(1680), K, (1270), K, (1400)
Novosibirsk [40] ™ >ty p(770), £,(600), w(782), a,(1260)
Kuhn-Was [128] T on T ntntv,, tT > ntn%n0v, T - nrfn0n 0y, p(770), £,(600), w(782), a,(1260)
Phenomenological T > K nntnlv, " - K n Ktn%, p(770), p'(1450), p" (1700), w(782), h,(1170),
[2204.02318] hy (1415), a, (1260), K*(892), K*'(1410),
K*(1680), K, (1270), K, (1400)
Flux-Tube Breaking > n%, T > K n%, 1T > K%t > nnrnty,, p(770), a,(1260), f,(1370), K*(892), K,(1270),
[33,60,61,121,122,134] > %%, tT > K nntv, v - K 1%, t7 - n K%, K;(1400), K;(1430), K (1460)

17 > n%%K%,, v > K nnlrnty,,

Generic Scalar PS Any mode — defined at run time from input arguments
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ete” » Tt (y) Polarization: An Interface Approach

The spin dynamics of the QED interaction and subsequent t decays are implemented by means of the modified
Altarelli-Parisi Density Function [5,6,175]

n

P27
— X Mo A2 M A5 2 202 X | |D/1 "
1 (D) (|) : =
D D)*
= — = he photon :
Where D’la.za TR MAQ,A,;,AV,...,AVMAQ Y for the t leptons and DAM& 6,10[,/1& for the photons [5,6]

The probability for a given spin configuration (P) is determined using the modified Altarelli-Parisi Density
function where a SU(2) - S0O(3) transformation is applied using the completeness relation and projection
operators to obtain a positive definite probability

P22
P_|]‘7[| X M 200 A Mg g Ao Ay | |D/1 L

a_

The modified Altarelli-Parisi Density function allows for a partial factorization of the spin and matrix element
algorithms, where the QED and 7 decay processes can be computed separately. Initial-State polarizations are
implemented

I.  Achange of basis for the Initial-State electron and positron polarization by means of constructing the wave-
function from a linear super-positioning of states where P = |I_5| XA

<Sn) - <51/2 mlsnl 51/2 m) <51/2m | nx Gx + le O-y +n, O-Z] 51/2 m>

ii.  An extension of the modified Altarelli-Parisi Density function to include an arbitrary Initial-State polarization.

+ -—
Piiay X Pfj/lj, ,
=z XM M a g A dndy % nDza N

|M| a=k o N
e+ e~ . . . e

Where PaiA, and p,w]_, are the SU(2) representations of the polarimetric vectors and PAAPAA_, X ps . A
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ete” » Tt (y) Polarization: An Interface Approach

Accept/Reject Algorithm (SDM[L+T]):
a. ete” - 1t~ (y) events are simulated using the spin averaged matrix element with exponentiation.
b. Both s are simulated as unpolarized.

c. The decay products of the ts are rotated longitudinally and transversely in their respective centre-of-mass
frames before being boosted back to the e*e™ centre-of-mass frame. After applying the SU(2) - SO(3)
transformation, the acceptance/rejection is determined using the modified Altarelli-Parisi Density Function
relative to a normalized random die (repeat c if fails).

Accept/Reject Algorithm (L-Decoupled+SDMIT]):
a. ete” - 1t (y) events are simulated using the spin averaged matrix element with exponentiation.

b. Both s are simulated with longitudinal polarization using an accept/reject algorithm with probability
i ZJ' pﬂi;ﬂjZm,...,n|M ApAj A n|

7]

Pror, =

c. The decay products of the s are rotated transversely. After applying the SU(2) - S0(3) transformation, the
acceptance/rejection is determined using the modified Altarelli-Parisi Density Function relative to a normalized
random die (repeat c if fails).

Possible to develop a more generic interface which incorporates these algorithms for use at the LHC (LHCDb).

* This could include being compatible with LHE events, SANC Files for the Z, + ... etc.

* Transverse spin correlations related Quantum Mechanical solution for Bell’'s Inequality
lan M. Nugent Liverpool Seminar (January 23, 2024) 36



Flux-Tube Breaking Model

A ““chromoelectric flux-tube breaking model” constructed in the context of the "“strong coupling lattice
formulation” [61,122,123] combined with a "revitalized [3P,] quark model” [30,61,122,123].

Mesons are described by gq wave-function solutions for the Schrédinger equation with the potential
1A%
Hij(p,r) = Conf + thp + H;? + Hy where Hconf (3 c+ %br — —asr(r)) —l4 L= (c + br — —4a;r(r)).
Wave-function descrlbed in terms of harmonic oscillator ¥ ~ polynomial X e P*r* where B characterizes the wave-number and is
constrained by the meson properties (ie charge radius)

b2 _
L Yo (m) = yoe 2”1 (contour line)

M@= 50 = [ dr [ dyuis (5 +3)ve (5-3) x @ (W + 1 +0) x 9ae 280, )
Breaking point for B(C) is £+ y G — y)
g is the momentum of B(C) in rest frame of A

Vertex Structure defined in terms of Transverse Vertices: ppF = pa L =ppln =0

]A—>BC...—>DE = fA(S)Rq fAﬁBC(S)FvyPB fL—>MNF§a>P16\}1)

Causal effect of the width dependence on the effective mass of the propagator taken into account through

dispersion relations.

Model developed to build a bridge between Lattice QCD and experiment - has extensions to C and B-mesons.
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Description of the Scalar Sector

In contrast to the Unitarized Quark Model [144] which associate the lowest mass scalar state to
the f4(500) or the gqqqq state for the Flux-Tube Breaking Model in [60], our Flux-Tube Breaking
Model takes the f;(1370) as the lowest mass scalar state.

For the strange modes we take K;(1430) as the lowest mass scalar state.

After taking into account the causal effect of the width dependence on the effective mass through
dispersion relations

~ 2 1 * !
m,(s) =my——P ds'm,

21
Mihres

[,(s'?) T,(s"” 1 ®
=S s’ — my 21 Mthres

I,(m'?) T,(m?)
m' —s m —mg

Within the construct of the 3P, model there are significant distortions of the resonance line-shape
particularly near the production threshold.

Where the “bare" propagator for the covariant amplitude is described in terms of an “on-shell"
spin-one massive vector boson [33] with a being a free parameter that relates the “purely
resonant time-ordered" component of the propagator and non-resonant contribution [33].

a N 1—-«a
s —m2(s) + ol (s)  2my(y/s — m(s)) + tmyI'(s)

P(s) =

Note: Within the Flux-Tube Model, the amplitudes of the scalar states are independent of their
masses.
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Description of the Scalar Sector

5 00005 T T T T T
DZ — fo(1370) [ =1] ]
9 i ] ""fo(1370) la=0] |
2 0.0004 |- KO(1430) [ = 1]
e - f0(1370) L~ K§(1430) [a=0] ;
= ! K;(1430)
& 0.0003 | ! -
0.0002 |- | PSRN
0.0001 -
0l P . - .
0 0.5 1 1.5 2 2.5 3
Figure 8 [arXiv:2204.02318] s (GeV2/cY)
This provides a null hypothesis for Chiral-symmetry breaking being the or|g|n of the composite-

quark mass
1) £,(980) exhibits a double peak structure corresponding to the two pair-production threshold K*K~ & K°K°

2) No change in sign of interference between f,(500), f,(980) and K;(700) at other resonances at their peak
3) f,(1370) - nn produces a small peak at 10.96GeV/c (2 x my,)
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Description of the Scalar Sector

/_? 0-()005 T T T .IE I T T T T I T T T T | T T T T I T T T T | T T T T I T
9 i ] == fo(1370) [a = 0] |
= 0.0004 — K (1430) [ = 1]
E] - f0(1370) L K3(1430) [a = 0] ]
& 0.0003 |-
0.0002
0.0001 |
0 1 1 1 1 1 1 1 1
0 0.5 1 1.5 B 2.5 3
Figure 8 [arXiv:2204.02318] s (GeV?2/c)

By associating the

* €,(1360) - f,(1500) with threshold interface from nn'(958), €(1780) — f,(1710) and
€,(1990) — f,(2020) for the non-strange sector

* k(1890) — K;(1950) for the strange sector

the Flux-Tube model provides a complete description of the observed scalar sector.
lan M. Nugent Liverpool Seminar (January 23, 2024) 40



Residual QCD Interaction in Hadron Production...

S

Time

N

As t — oo the residual QCD
potential goes to zero

lan M. Nugent

Although mesons are colour singlets, there is still a residual QCD
potential between the mesons. This residual QCD potential modified
the Final-State production through both a wave-function distortion
and the modification of the propagator [228,229,230]. At low
energies, only the wave function distortions play a significant role
[230].

R, , =si, = o(hg > hih,|V(r)) - Y@ =0V (n)|*

vtz Thh o(ho = hih;) lY(r = 0)|2

In the non-relativistic static limit, the wave-function amplitude
distortion for potential V(r) can be determined from the radial
solution to the Schrodinger Equation.

l[(l+1)
2ur?

R'"(r) = —%R’(r) + Zu( +V(r) — Eh1h2> R(7)

The relative amplitude is determined numerically [258,259] where
the initial conditions are defined using the Spherical Bessel
Functions [260] J,(x), J;(x) and J,(x) for the S, P and D waves
respectively.
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Tetra-Quark States: Scalar States and Residual QCD Potential

In the S states, the colour hyperfine spin-spin interaction produces a strong amplification near
threshold [230]. This extension to the modified line-shape for scalar resonances presented in
[228,229,230,231,232] can explain the strong KK contribution in the £,(980) [230,233,234,235],
while explaining the f,(500) and K;(700).

Figure 2 [ArXiv:2312.01470]
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This provides another null hypothesis in terms of Tetra-quarks for Chiral-symmetry breaking being
the origin of the composite-quark mass.

Depending in the model for the strong annihilation there may or may not be an additional wave-
function amplitude amplification of f,(1370) — nn near the nn threshold.

lan M. Nugent Liverpool Seminar (January 23, 2024) 42



S-Wave, P-Wave and D-Wave in Axial-Vectors Decays

The residual QCD potential also plays a role in the evolutionary dynamics of other hadronic systems...

In the S-wave decay of Axial-vector mesons, the colour hyperfine spin-spin interaction is the primary contribution
to the residual QCD potential. This has a significant impact on the hadronic width, I'(s), of the meson and
consequently, m, and m?2.

Figure 5 [ArXiv:2312.01470]
CT T T T | T T T T I T T T T I T T T

Figure 2(a) [arXiv:1310.1053]
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! . S 0.01—
s 0008 - 1 & N
' = B
0.006 | 1 B i
r <
0.004 + — g B
0—
0.002 F ] 115
i | i | \ \ e 1 ;_
() L =T 1 1 T R R T B B [T T e = - - e
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This provides a possible explanation for the a,(1260) line shape observed in the BABAR data [285] which is

narrower than the Flux-Tube Prediction. [Improved agreement expected after tuning.]
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S-Wave, P-Wave and D-Wave in Axial-Vectors Decays

In the S-wave decay of Axial-vector mesons, the colour hyperfine spin-spin interaction is the
primary contribution to the residual QCD potential. This has a significant impact on the hadronic
width, T'(s), of the meson and consequently, m, and m?2.

Figure 2(b) [arXiv:1310.1053]
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While also providing a possible explanation for the low mass-excess in the 7*7~ line shape which
has also been associated with the presence of the low mass scalars [285].
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Residual QCD and Mixing of Singlet and Triplet States

In the K; system, the expectation of the spin-spin operator S; - §]- differs between the singlet and

triplet state. The wave-function amplitude distortions must be included in the mixing of the singlet
and triplet states to construct the K;(1270) and K;(1400) states.

Figure 5 [ArXiv:2312.01470]
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Summary

MC generators play a pivotal role in comparing theoretical predictions to experiments and in
facilitating the interpretation of the experimental measurements and therefore the physics
phenomena which can be probed experimentally depend on the theoretlcal construct and physu:s

(nb)

phenomena included in the Monte-Carlo simulation. = o ("’%3 12~ oo
QED calculations in ee € MC provides insightinto £ .| e o) £ o,
the modelling of radiation which have implications for : ; ,
. . . I 0.8 - ]
the interpretation of experimental measurements S : j
including g-2. ok ]
I. Infrared safe calculations for number of y even with b : ;
selection criteria applied to the radiated photons. o :
ii.  Contribution from n,, = 4, non-negligible at 10.58GeV. 0s | : .
li. Requires Higher Orders to reach the precision : ' : ]
necessary for the Initial-State Radiation Method [29] in S T T S I
the low mass region c(e*te™ » n*n~(ny))/o(ete™ » N -
urum(ny)) . < ol e T o B ;
; +,- +p-— +,- = ]
iv. eTe” »Y(4s)(my) > BB (ny) toeTe” - N . €1 T B s = aer)
Y(4s)(my) - B°B%(ny) ratio provides separation o T e I T
between the descriptions of the Coulomb potential in Looer R ]
the Radiative Models £l 1 :
a.  Excludes Model 1 where the Coulomb potential acts on E ]
the mesons N ]
b.  Excludes the Coulomb potential from explaining the low 02 | Y ]
mass excess in [42] associated with scalars. Lk 3
c.  Thisimpacts the e*e™ —» Hadrons measurements for the l: ¥ N ]
hadronlc vacuum p0|arlzat|0n to g_2 [38'39’40’41] WhICh Ul()iBIBI IiOl‘;G‘ Iil)l.5l7I ‘ t(lI,SIS‘ IilJI.BIQI ‘ Il(l).éil B ';"\‘j—(‘;;‘;’“ 1(Jb% 10‘()1 Il(;,GS
apply the Coulomb potential. VA (Gev/ed)
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Summary

MC generators play a pivotal role in comparing theoretical predictions to experiments and in
facilitating the interpretation of the experimental measurements and therefore the physics
phenomena which can be probed experimentally depend on the theoretical construct and phyS|cs
phenomena included in the Monte-Carlo simulation. R Y I R '

ee € M( provides a broad range of tools for

investigating the hadronic structure in T decays

« An experimentally testable null hypothesis for Chiral-
symmetry breaking being the origin of the composite-quark i
mass 0.0002 —
+ Extension of Flux-Tube Breaking Model to include Tetra- [
quark states. o000
* Models to investigate the singlet and triplet states and their [N N7
mixing in the strange and non-strange sectors. B I I
* Model dependent method for a simultaneous s (Gevz/ct)
extraction of K; mixing, 8 , and SU(3) suppression £ pranc 2R

factor 6, ~—""" where &, may provide some
Ky K,

(ms+ u)
discrimination between various quark models. =T i i =025 ]

* Lepton universality, |V,s|, ms, g-2 hadronic vacuum 015 |- et 570 with o, 025 //_J/__
polarization (CVC), Michel parameters, a;, rich hadronic ;
structure: OZI, Wess-Zumino,.... “r

Plan is to make the eeeMC software publicly available for
the ete™ community
= However, there are still some additions and updates N

planned before this can be done ’ v ' h ’ R
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Thank you
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Overview of Framework

The MC generator is a stand-alone object oriented C++ package containing the

I.  Random Number Generators
 Merseene Twister 32bit [79] and 64bit [80, 81]
« Marsaglia's xorshift64 and xorshift1064 generators [82]

li. Phase-Space Generator based on the recursive mass formulation [84]

2G5, M3y m3)
R,(Vs) = f((\/; )’ dM?_ lf dcos(G)f do o X Rp-1 (m,-1y [EQ. 3,84]

mq+--+my)?

Modified to include o< 0 L ]
. The Jacobian Normalization factors T : '_SZ’L::_‘:“(S??-% )
for computing the phase-space L 10X 107
. Embedded Importance Sampling T N
[85,86] to optimize the simulation % $0*10°F
efficiency E I
e 6.0x10% |-
il PhyS|cs Models 10 x 102 |
Mathematic Routines C
. Algebra, Tensor Notation & Integration 2.0 x10° |-
. Feynman Calculus (ie Spinor Algebra) : .
. QED&ElectroweakDiagrams/ModeIs_”“"102 —_: — 315 :H: :i{: —— i{'r I: }: :}:H: ST
. . e 1 !
Hadronic Physics Models [5) | I{H] {}.HHI HH}I} HHI‘[{H#HI}III{}[H H}H {{] iHIJ{ }I {[}I[HHH%
0 0.2 0.4 0.6 0.8 1
Figure 1 [arXiv:2204.02318] Vs (GeV/e?)
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Approach to QED Calculations

The cross-section is determined in terms of the spin-averaged sum matrix element |M | for
n real photon emissions and k photon exchanges. The infra-red divergencies are removed
through the multiplicative Yennie-Frautschi-Suura Exponentiation procedure, with the cut-
off M

[e's) (0'e) k|2
Ym0 Yi(QF)Y £ (QP) |z, M| dPSEM
et T Fe*‘ E.-)

do =

The matrix element, M, is calculated directly from the individual Feynman Diagrams in terms
of the Dirac Spinors, Polarization vectors, Proca propagators and y matrices using an object
orientated formalism, where all spin states are explicitly summed/averaged over.

fﬂ_ fE M _ (cos (0/2)3‘"1’/2)
“ (1) = ( sin (0/2)e'$/2

u(p) =
I\/@-Fﬁ-ﬁ\/; X
/M_H.A /ﬂ —sin (6/2)e"'¢/?
v(p) = [I o ]X Xw:( cos (6/2)e'?/? >

DR
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Approach to QED Calculations

The cross-section is determined in terms of the spin-averaged sum matrix element |M | for
n hard-photon emissions and k photon exchanges. The infra-red subtraction are removed

through the multiplicative Yennie-Frautschi-Suura Exponentiation procedure, with the cut-
off M

[e's) 0 —_— 2
1 Tz Yi(QD)Y /(@D Xiy L[ dPS,
4(|Pe- | Eo+ + E.-)

—

P+

 Phase-space is based on the recursive mass formulation [84] modified with
embedded Importance Sampling [85,86] to optimize the simulation efficiency and
Jacobian Normalization factors
s—m z T A(S'M%— ,m,21)
Ru(WS) = [O5 ) L dam?_y [* deos(0) [" d " X Ry_y -1y [EQ. 3,84]

(mg+:-+mp)?

. The matrix element, M¥, for n radiated hard-photons and k internal photon lines.

«  MFis calculated directly from the individual Feynman Diagrams in terms of the Dirac
Spinors, Polarization vectors, Proca propagators and y matrices using an object
orientated formalism, where all spin states are explicitly summed/averaged over.

- Y;(Q}) and Yf(ch) are the multiplicative Yennie-Frautschi-Suura Exponentiation

Form-Factors.
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QED Simulation

= 1o0x10t 50,

. - —eTe — T
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Figure 6 [arXiv:2204.02318]
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YFS Exponentiation: Comparision

1.1

Yrs(v/5: Esopr = 0.001GeV)

lan M. Nugent
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Figure 3 [arXiv:2204.02318]
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How Do We Use the MC Predictions?

In most physics analysis, MC is used to predict the theoretical distributions after applying the
event selections criteria.

= In general, this means that there are either explicit or implicit cuts on the number of photons
and/or the kinematic of the photons... This applies to: basic selection cuts, kinematic fits, BDT,
neural-networks,...

Feynman Fictious Photon Mass Subtraction Method

« If these selection cuts have any bias between the selection efficient of the events with N, and
N,.1 photons then there will be a bias in the theoretical predictions using the Feynman Mass
Method (bias from Y.-> _ 12 Ny,).

* No method to estimate the theoretical bias without comparing to an infrared safe calculation
using YFS Exponentiation (ie. comparing to KK2F or eeeMC).

Yennie-Frautschi-Suura Exponentiation Procedure

» Atheoretical uncertainty on the truncation error of the infinite perturbative Feynman series can
be calculated for the given experimental observable [arXiv:2212.05388] (see paper for
caveats) [after selection is applied].

« Within this uncertainty the theoretical predication can be treated as infrared safe with or
without cuts on the number of photons and their kinematics for the given observable.
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Soft-Photon Cut-Off and the Mass Spectrum

An issue often overlooked in the comparison of the theoretical predictions to experimental data is
the impact of the soft-photon cut-off on the mass-spectra of outgoing leptonic pair...

When applying a soft-photon cut-off, there is a discontinuity between the Born level outgoing
lepton-pair mass and the lepton-pair mass from terms with LO or higher order radiative emission
of hard-photons. When the experimental resolution o,, < §M or comparable to = §M there will be

a bias in the invariant mass spectrum of the outgoing leptonic pair mass near the Born level mass
when comparlng to data.

1 0 101 | T T T I T I T T T T I T T T T I T T T T I :

> X - e+e — u wo (7) Theoretical Approximation
Ng —ete™ — u 1~ () Exponentiation IV E, = 10MeV

b ete” — ,u 1~ () Exponentiation IV E, = 1MeV
E —ete™ — u 1~ (v) Exponentiation IIT E, = 10MeV

L 0% 100 et eT — ,u 1~ (7) Exponentiation I E, = 1MeV

;} v L -—weTe” — 7777 () Exponentiation IV E, = 10MeV
= -~ ete” — 7777 (v) Exponentiation IV E, = 1MeV i
G

L
s

4 LOx 107!

lQ)
+
L

S
=
10 x 1072 b
] | ] | ]

0 2 4 6 8 10
Figure 6 [arXiv:2204.02318] M+~ (GeV/e?)
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Approach to ete™ -» Hadrons(ny) Calculations

Foraete™ — V - PP interactions the Born level matrix element may be written as

9" —q"q")
P(s)

_ 9
Mg - (vzle yﬂul)%le Qch A(S)(pa - pb)a

Within the hadronic current formalism from which the hadronic t decays are constructed this

becomes:
I Effective hadronic
ML =~ (vyie y*u,) q—’; le Qf@ current

Where

JV = NF(s)(9"*—q"q“)0a — Pb)a

 F(s) is the model dependent Form-Factor (Vector-Dominance,yRL, Flux-Tube Breaking,
Quark-Pair-Creations Model,...)
«  (g"*—qVq%) is the tensor component of the spin 1 propagator
*  (pg—DPp)g isthe V — PP vertex coupling
* N is the current amplitude calculated in the given hadronic model
«  Within the effective theories constructed from the SU(3) generator [12] N implicitly
includes the colour factor N, [11]. Therefore we use the convention that N, is implicitly
included in N
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ete” - m ' (ny) Interactions

Hadronic Model based on the Vector-Dominance Gounaris-Sakurai [25] using the formalism from
[26]. The model parameters are tuned for an improved agreement with the PDG data [27].

(BWGS(Srm 7700 Lp(770 ) + aBW,, (S, My (782), T (782 ))
F ) < 2(770) o )1 Ta = 0782 w822, | BBWgs (s, mp’(1450)'rp’(1450)) + yBWss (5' mp”(1700)'rp”(1700)) +nBWs (s, mp”’(2150):rp’”(2150))
S e
A+B+y+n)
/-[‘;J\ T T I I | | T 1 L | | T T | T I 1 T 1 |
Where E 1.0x 10! Figure 1 [arXiv:2303.02597]

(114229

m2—s+f(s,m)—umI(s,m,)

BWGS(S’ m, F) =

f(s,m,T) and d(m) are defined  1.0x10"
in [26]. '

mZ
BWy,(s,m, ) = ———— 1.0 x 107! |

* .'.
1.0x 1072 | O ¢ .
- e ete”™ — w7~ Simulation L4 ]
we ¢te™ — 77~ Theory ' ‘ .
— PDG Data L7
l.OxlO_SIIIlIIIlllllllIIIIIIII|IIlI|IIIEiEl§|IIIIII]lI
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Vs (GeV/e?)
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ete” » wtm (ny) Interactions

R(s)

1
1T

e ¢ e” — 777~ Simulation
wete™ — 777~ Theory
— PDG Data

I —— —

. '
IR TN TN T TN T Y S S s s

Lo 11

e cte™ — 777~ Simulation

B i gz+e?f — 777~ Theory ] _“..“““E
0.8 | — PDG Data — L !
I ] 1
| i Vs (GeV/e?)
0.6 | _

0.4

0.2

Vs (GeV/e?)
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ete” - m ' (ny) Interactions

The most significant uncertainty from the truncation of the Feynman series with the YFS

Exponentiation Formalism comes from the Initial-State-Radiation and is due to the small mass of

the electron and positron similar to the ete™ - u*u~(ny) process [0(2 — 3%)[28]].

The uncertainty can be reduced to < 1% in the ratio of o(ete™ » n*tn~(ny)) to a(ete™ - utu=(ny))

» Finial-State radiation will be the main source of the truncation uncertainty in the ratio - uncertainty can be
calculated using method in [28].

» Low mass Initial-State tail converges slower that the total cross-section = Larger uncertainty

« Within the truncation uncertainty the observables are infra-red safe even with cuts on the number of y

« Expect additional orders in M2 before the theoretical error is sufficient for an analysis with the Initial-State
Radiation Method [29].

L | AL AL L B B N I B S S B S SN S B ) BN N B g o LI B B

= 14 4 = 1o0x10 - o -
e ¢Te” — ™ Simulation i Flgure 1 [arXIV230302597] ]
...... ete” — wta~ Theory 1 |
12 — PDG Data —
0
o 1.0 x 10°
of
LOx 1071 |
6 J
- "!
.
L * o
4 * s
+ . .
1.0x 1072 | | ; _
r e efe” — mta™ Simulation Lo ]
2 wnete™ — 7tr™ Theory ’ t
—PDG Data L!
oo
() () 4‘ 2 . L () 6' L . (' 8‘ . L . 1 ! . L 1 l) 1 4 1 6 1 q .) lvo >< 10_3 1 1 I 1 1 1 1 | 1 1 1 1 I 1 1 1 1 J 1 1 1 1 | 1 1 1 1 I 1 1 I.1 l; | 1 1 1 1 I 1 1 1 1
: ) : - . ' - e - 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Vs (GeV/e?) NG (GeV/cg)
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SU(3) Suppression and the h; and K, State

Phenomenological Models for the 1~ - K" n’rtv, and 7~ - K n~K*tn%v, decays are
constructed using a generalized vertex-propagator formalism using the Feindt [119] vertex.

4V6C ;004V ii : :

- 9R¥q¥ ij Juv S/D (,Feindt,S/D paff ,S/D (,Feindt,S/D Y6

= f2 12344v- 4PV va PiosAn ypVg, P1,(q1 — q2)s
T

and for the T~ - K~ w(782)v,

_ 4Vys puv ,S/D ,FeindtS/D pap m nnyé +
J¥ = fé:s Pi234Av 4PV va P53€"™q12q3P1,(q1 — q2)5

The Form-Factors are based on the CHRL formalism [68,118,127].
F, = BW 5(770)(S) + A1BW 1 (1450)(S) + A2BW 11 (1700) (S)
FK* = BWK*(ng) (S) + BlBWK*’(14_10) (S) + BZBWK*”(1680) (S)
The intermediate resonances included in the model are:
e 77 > K'v; - K w(782)v;
« "K'y, > K1_/0(1270)7T0/"vr
e 77 > K'v, > Kl_/o(1400)7t0/_vf
« TT o py o a1_/0(1260)n0/_vT
© T - pvy > KA170) v, = (pm)°n T, o .
. 17 5 puy = hO(1415)7 v, — (K*(892)K)°1 v, No SU(3) s suppression in hadronic decays

where the h?(1415) is suppressed by a factor op, = —0.175

Subscript indices in Levi-Civita indicate a odd number of contractions with the metric
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SU(3)r Suppression and the h; State

é 300t I7‘[(“‘?“‘]{;'rr“‘|u]‘[12‘ﬁﬂ)‘+h:(1]‘70)'Ihllll;lﬁlﬂ | ] ; e i E
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1 J— 5 _ o b g 10
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20 _ i 50x 107 | 0
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[138, 139, 140] suppressed. The
suppression factor TR T T T 3 s T e 1
L 95wi0d [ K RUK [an(12680)+hy (1170)+hy (1415)] ] L K=K+ [ay(1260)+hy (1170)+hy (1415)]
8p, = —0.175 ~ 33 X DU e e b ]
' istent with the 20 — 100 X A S OO . o e
IS consis — ST e e b ]
- I:gu»m*' L iy 1
expected by OZI supressed modes. ] o
hp d y . p . . h 15x10-4 [ A : ]
This prediction Is consistent with BES e el e ]
measurement [141]. - ]
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both of the h; production modes 3 wsws [ TR i i L G ] TR T30 B i) i
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L — K70 |ag(1260) (Ex. hy(1170)+h (1415))] o 201070 - K+ [ay(1260) (Ex. by (1170)+5, (1415))] b
0 5 1o [ K40 [an(1260) (Ex. by(1170)+h (1415))] ] H —K_w'i [ (1260) (’If‘;:. m(um)pm(ln?)n
* T - pv,—> hi(1170)7 " v, T b e G
— 0 _ ,Lﬁsoxm-if 1 7515“04_ ]
o - -
T pv; = hi(1415)7 v, - |
at Belle-II ] ‘
5.0x 1078 —‘ i
2.0 % 107 [ -
00100 L L ‘ Ll ‘ L Lo 00100 L ‘ ‘
0.8 09 1 11 1.2 1.3 14 L5 16 04 12
M (GeV/c?) M (GeV/e?)

lan M. Nugent Liverpool Seminar (January 23, 2024) Figure 7 [arXiv:2204.02318] 68



Strange Singlet and Triplet Mixing

The mixing of the strange states is implemented using the full mixing relation instead of using the
heavy quark approximation in [134]. This means the mixing angle is the same for both
unsuppressed hadronic decays and SU(3) ¢ suppressed decays.

K1(1270) >| _ | 8k, cos(0k,)  sin(Ox,) [|KB(11P1)
|K1(1400) > —8k,sin(0k,) cos(Ok,)|lIKa(13Py)
where the SU(3) r suppression factor, |6K1|~ = +Zu) = 0.25, is related to the effective quark

masses in the QCD potential for a simple-harmonic oscillator wave-function in a Coulomb potential
with a linear confining term within the non-relativistic static limit [134].

In general, the SU(3)¢ suppression factor is mass dependent, éx, — 6, (s), and provides
complimentary information to the quark and gluon kinetic and potential energy tensor [156, 157,
158] which can be used to discriminate between various quark models.

0 B B e e [ e | L i

= A . 4 -
e -—H;\ 55 i F’ 0.09 - Flme |41,1 n », =02 |
3 :

Given the dependency of width and amplitudes of the individual modes on QK and 8k, and
that within T decays

T~ - K;(1270/1400)v, with SU(3); suppression

1~ - K*""(1680)v; - (K;(1270/1400)) v, and v~ - K*'(1410)v, — (K;(1270/1400)m) v, unsuppressed
There is the opportunity to simultaneously measure both 8. and 8,

0.05 |- B 0.02 |- oo 3

0.01 -

ol oo ¥ A N R [ S I U:‘Hl e . o
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Figure 10 [arXiv:2204.02318] BT Bk
lan M. Nugent Liverpool Seminar (January 23, 2024) 69




QED Polarization: An Interface Approach

. . . . 2 Eitgaatingg, ' | TR
The spin dynamics of the QED interaction are by means of the Z oo - Satlsfles Bell's Inequality Expectatlon T
modified Altrelli-Parsis Density Function [5,6,175] g iy,
P 2 n Z oo !‘wg’ e ad ]
P =2 X Maidjdiotedn™, 004,200 | | Daga, :
|M = i Illmn||..nnllni-.|Ilhl-in|||nnl.|||.'li;§'fn||lml|'l-|l-l|||.m||||llmu.l||I|'||||l.|
__1 (D) (D)* =l
Where D)La,/lfx_ e Mﬂwlﬁ%y'---'ﬂvMAa.AB,Ay, A for the 7 leptons : !
and DA(X,/'L:X - 5/105,/12{ for the phOtonS [5,6] o L " ".0. Born (Unpolarized) '"“"'e. ]
. e .. . 3 o e Born (Scalar L-Decoupled "y 1
To obtain a positive definite probability, an SU(2) — SO(3) T, e Ewu LDL(W;,IUI’W SDM [T) "**esey
H H H P H ;i l e Born (Scalar SDM [L+T]) .
transformation is applied using the completeness relation. G v B e s T il _
I Born (Pseudo-scalar L-Decoupled + SDM [T]) ]
. . L + Born (P\Llldo—s(dldl SD'\I [L T] _
Accept/Reject Algorithm (SDM[L+T]): o - - P
a. ete” - 1t17(y) events are simulated using the spin . , - Lo
averaged matrix element with exponentiation. = oo | -
b. Both s are simulated as unpolarized. ¢ o 'h--u..-,.
I e ."l
. . 0.0015 ¥ iten : -
c. The decay products of the ts are rotated longitudinally and ..I‘..-. Oy e, Ty
. . . - Ty 0y
transversely in their respective centre-of-mass frames i |.,|';|"'“'"'I'-u.-.-..-l-.--."......,:::::::l ]
before being boosted back to the e*e™ centre-of-mass oo | el L ) u; ]
B : | .l.. . orn cctor ccouplec .I' ]
frame. After applying the SU(2) - S0O(3) transformation, [ "=y« Bom (Vector L- Ix«ruplu'l - SDM [T)) 8 s, ™oy
. . . . . . | W * Born (Vector SDM |[I " '-__ o
the acceptance/rejection is determined using the modified [ 4=¥  « Born (Scalar L-Decoupled) ", ,
Altrelli-Parsis Density Function relative to a normalized R o n o ool T S B
random dle Lot e Born (Pseudo-scalar L-Decoupled) :‘.‘.' .-._'. 1
res Born (Pseudo-scalar L-Decoupled + SDM [T]) %, °°
. r “§ . * Bomn (Pseudo-scalar SDM [L+T]) .i"’f-.::! N
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QED Polarization: An Interface Approach

The spin dynamics of the QED interaction are by means of the 5 0.001 | k
modified Altrelli-Parsis Density Function [5,6,175] - ]
n e Pt E
p=2RY M D F b ;
_ i 2 X Mo a0nndn ™Moy s 2005, 00 % A il - SR ;
a=k 00025 F B aawxrss T .
Where D; |, =—— Mm>) m P for the 7 leptons ! o BERRLLI TIPS 3
Aa'lfx |]‘7[|2 }la‘lﬁ’ly""’}lv A&'AIB‘A)I/"AL i 0.002 } i 4 Born : !5;:; " {
- [ - LO Soft-Photon Cut-Off 100MeV -4 LI ]
and D/1 A - 5/1 2 for the phOtOﬂS [5,6]. 0.0015 |- 8 LO Soft-Photon Cut-Off T0MeV ‘!!,- .
“ha Oha o . Eo 4 LO Soft-Photon Cut-Off 1MeV '. ]
To obtain a positive definite probability, an SU(2) — SO(3) o001 | 5 Bom+LO Soft-Photon Cut-Off 100MeV e
H H H H . L [0 Born+LO Soft-Photon Cut-Off 10MeV -0, 1
transformation is applied using the completeness relation. oo B A Bom  LO Soft-Photon Cut-Off 1\IcV o]
Accept/Reject Algorithm (L-Decoupled+SDM[T]): L
_ _ : : : Figure 15 [arXiv:2204.02318 Myin- (GeV/e?)
a. ete” - 1t (y) events are simulated using the spin . ,g,‘,,[.,,.l.‘..,]. —
1 1 H H G 0.005 |- olarization [e7.e7] = [0, ]
averaged matrix element with exponentiation. v : S S I N
C'E . A Polarization [e*. e = [0, +1] 1
b. Both zs are simulated with longitudinal polarization using <& o[ ]
p Zizf PAi2Aj%m,.., n|MAy 25 2m 2| p

Ady = Yi - 000 [ gt T " i
|| 4 _ - , ]
c. The decay products of the s are rotated transversely. S . . ]
After applying the SU(2) — S0(3) transformation, the [ ‘ ’ ]
acceptance/rejection is determined using the modified . B ©
Altrelli-Parsis Density Function relative to a normalized b - T
random die. [ ]
P T SR TR NN ST SO T TN (NN S TN S SRR NN SO SN SR S AN TR S SR S SN

! 0 2 4 6 8 10
Figure 14 [arXiv:2204.02318] Myine (GeV/e?)
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QED Polarization: An Interface Approach

The spin dynamics of the QED interaction and subsequent t decays are implemented by means of the modified
Altarelli-Parisi Density Function [5,6,175]

n

Phdi M D
P X Maajaersedn™aijdg A i X Aot
1) D) ok
D D)x*
= — 7 leptons and D =0 for the photons [5,6].
Where Dﬂ'a,l{x |M|2 M/’la'lﬁllyl---:AVMA:X,/’{’B;A)I/;...,11’; for the p Aa,/lfx Aa,/lfx p [ ' ]

« The modified Altarelli-Parisi Density function allows for a partial factorization of the spin and matrix element
algorithms, where the QED and 7 decay processes can be computed separately.

* Both longitudinal and transverse spin correlations were included in the original algorithm from
[arXiv:2204.02318], however, only longitudinal Initial-State polarization was included.

In [arXiv:2204.02318 ] two methods for calculating the Initial-State polarization are implemented

I.  Achange of basis for the Initial-State electron and positron polarization by means of constructing the wave-
function from a linear super-positioning of states.

ii.  An extension of the modified Altarelli-Parisi Density function to include an arbitrary Initial-State polarization.

et e~
p/li/li/ X p/lj/ljl

n
*
Mli,ﬂ.j,ﬂ.k,ﬂ.l ..... ﬂ.nMﬂ.i/,ﬂ.jl ,ﬂ.k/,ﬂl/,...,/ln/ X | | D/‘la,Afx
a=k

|

+ - . . . + -
Where Pf{’ia., and Pf{’ja., are the SU(2) representations of the polarimetric vectors and Piia., X P;elj;l , =
i j =i j =j
PAi,Aj-
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QED Polarization and the Spin Operator

The polarization of the electron and positron beams can be characterized in terms of an average polarimetric
vector (1_5 = |I_5| X #1) in the CM frame of the collision. The direction of P represents the average beam polarization

direction and the magnitude |I_5| represents the average strength of the polarization.

Quantum-Mechanically, the expectation value of the spin along the polarization axis may be written in terms of the
spin operator

~ h A~ ~ ~
(Sﬁ) = (Sl/z,mlsﬁl 51/2,m>: <Sl/2,m |E [nx Ox + le Uy + n, UZ] 51/2,m>

The eigen-vectors of this operator for the eigen-values a,,(+1) and b,,(-1) may be written as

_ [ cos(0/2) b = sin(0/2)
=\ sin(6/2)e " \—cos (0/2)e'?
Taking the macroscopic polarimetric vector as the Quantum-Mechanical expectation value for an individual

electron and positron the spin up and down wave-function can be constructed in terms of a super-positioning of
the eigen-vectors.

Given that the QED matrix element and modified Altarelli-Parisi Density function are independent of a change of

basis for the quantum states, the spin Dynamic can be computed using a similar method to before, where
polarization is now along the 7 axis instead of being the longitudinal polarization.
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QED Polarization Algorithm

For consistency the convention with longitudinally polarized only beams, the polarization vector is

defined in terms of three parameters:
P, - The longitudinal polarization / P, 2 \
E, - The fractloq of polarization Fp 1—[= COS(¢ﬁ)
¢4 - The angle in the x-y plane E,

-

P = Fpﬁ — 2
P .
E, 11— (F_> sin(¢4)

Y

The spin parameters can be updated on an event-by-event basis to allow for a distribution of spin states including
tails caused by misalignment or spin relaxation distributions and to allow for the inclusion of changing detector
conditions.

The probability for a given spin configuration (P) is determined using the modified Altarelli-Parisi Density
function where a SU(2) —» S0(3) transformation is applied using the completeness relations and projection
operators to obtain a positive definite probability

et e~ n
'Dlili’ X p/lj/ljl .
P = i X Mot Mo d A Ay X | |D/1a,/1&
a=k
Where D; , = —_ mP) m P for the t leptonsand D, , =6, _, forthe photons [5,6].
all, | M|? Aa'/lﬁ"l]/""'lv )l&,ﬂ.ﬂ,l)’,,...,/'l{, al, aAl !
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Modified QED Polarization Algorithm

Accept/Reject Algorithm (SDM[L+T]):
a. ete” - 1t (y) events are simulated using the spin averaged matrix element with exponentiation.
b. Both s are simulated as unpolarized.

c. The decay products of the ts are rotated longitudinally and transversely in their respective centre-of-mass
frames before being boosted back to the eTe™ centre-of-mass frame. After applying the SU(2) - SO(3)
transformation, the acceptance/rejection is determined using the modified Altarelli-Parisi Density Function
relative to a normalized random die.

Accept/Reject Algorithm (L-Decoupled+SDMIT]):
a. ete” - 1t (y) events are simulated using the spin averaged matrix element with exponentiation.

b. Both s are simulated with longitudinal polarization using an accept/reject algorithm with probability
i 2J' pliﬂjZm,...,n|MAi,,1j,,1m,...,/1n|

[7]

Paa, =
c. The decay products of the s are rotated transversely. After applying the SU(2) - S0(3) transformation, the

acceptance/rejection is determined using the modified Altarelli-Parisi Density Function relative to a normalized
random die.

* Transverse spin correlations related to Einstein-Padolsky-Rosen paradox and Bell’s Inequality
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QED Polarization: An Interface Approach

Reproduces the ultra-relativistic expectation for longitudinal and transverse polarization

a.
b.

Longitudinal polarization observables are independent of transverse polarization in the Initial-State

Transverse polarization does not impact the cross-section at ultra-relativistic energies

2 Jo(ete” —7F17)

do(ete=artr

iy p—

lan M. Nugent

¢, (rad)

Figure 1 [arXiv:2204.02318]

0.012

0.01 [

0.008

0.006

0.004 [

0.002

.13;":113,2*:71‘cas(9f)>0 ‘ ]
o P =1P" =—1lcos(f—)<0 -
AP =0P =0(S¢)=1(S)=1cos(6—)>0 ]
AP =0P =0(8E) =1 (S5 ) =1cos(f—) <0 ]

o35t g _ N a ]
r e v =08 PE€+ =057} =05 cos(6,-) >0 -
o Gt VT =08 P = 0(S5) =05 cos(f,-) <0
s s %5 vss, i
i =8 BE T ]
I 8, i‘g Egﬁﬁﬁizﬁqéiiii 7
j2 = 35 g 4
. 28 ot s
FEt I s gy, i = ]
r gﬁii Ezigs ii;xfﬁli;§§:i!x¥i 3 b
s Fy el %, 4
= s e
] 5% = Ey
s x
L ey {g% . _
= ey ey, E =
- T e Ty . 5t
- L) - he =
- o R -
hat™ xy
[ -'-': 4
[ etz ty |
H T S S S SRR P
0 2 4 6 8 10

M, 1 (GeV/?)

el
=3
=]
5

) jo(e*e™ — 7Hr7)

0.0015

0.001

1
LI

2 (et

%o
dcos (.

0.0005

0.5 0 0.5 1
cos(f--)

—rtr—
¢~

¢r- (rad)

¢ (rad)

P =08 P =0(S5)

L
-1 -0.5 0 0.5

cos(f.—

P =0RT =0(S)=1(s5) =1

x
[ ]
[
L]
- u -
u
L]
n
[]
L = 1
]
L]
= |
u
u
L}
(- ]
u
"
L]
L]
r = ]
i .
= ._.\ \‘\\\\\||||\\\\.
LI "
.....lllllllll.-...
T S [ T S T S S S
-1 -0.5 0 05

cos(f—

Liverpool Seminar (January 23, 2024)

=0.5

)

+
0.002 &

1
@
&)

3
0.0015 &
N

@,

0.001

Lo(etemortr
Toos (@~

0.0005

0

0.002

ete” s rtrT)

0.0015 -8

L

fig

0.001 2|k
]

£

0.0005

0

76



QED Polarization: An Interface Approach

There transverse polarization in the Initial-State of the electron and positron can result in observable effects
Oscillation in the transverse plane for the missing transverse energy (EX5 )
Transverse polarization does not impact the cross-section at ultra-relativistic energies

a.
b.
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Spin Dynamics in Hadronic T Decays

Within the context of the hadronic models presented here, the covariant amplitudes are
constructed using the Form-Factor approach for the formal structure of the vertex [33,89]

«  Kuhn-Santamaria Model imposes current conservation @Q#J, = 0 [119]

*  G-2leptonic Formal Vertex Structure imposes the Ward identity g#T}, = 0 [89]
*  Flux-Tube Model uses Transverse Vertices pyT, = py Ty = ppT, = 0 [33]

«  Alternatively, for “on-shell” states only ¢, - p,, = €, - v, = 0[33]

This means that within the CHRL Models, the amplitudes are constructed under the assumption
that the lowest dimensional Born terms are dominant [119,131]

An equally valid assumption is to construct the amplitudes corresponding to the lowest order
angular momentum amplitudes [119]

When there is only one amplitude, these two methods correspond, however, where there is more
than one amplitude the Born and angular momentum amplitudes do not necessarily correspond...

Both [33] and [119] relate the lowest energy Born terms to the helicity state...

(p(ksp)n(_k)|Hsb (O)lal (05a1)> - lfaipn6salspY00(Qk) + ifaDlpn ZmL C(211; mLSpSal) YZmL(Qk) [Eq. B11,33]

Note: the CHRL Models assume the axial-vector decay is primarily through the lowest energy
Born/S-wave state using the vertex g"v. However, in [33] it was found this association is incorrect.
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Spin Dynamics in Hadronic T Decays
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Scalar States and Residual QCD Potential

Although mesons are colour singlets, there is still a residual QCD potential between the mesons. This residual QCD
potential modified the Final-state production through both a wave-function distortion and the modification of the
propagator [228,229,230]. At low energies, only the wave function distortions play a significant role [230].
2 o(ho — hih, V(1)) [P = 0|V(1)|?
Riahe = Shahs = G he > hyhy) G = 0P
0 172
In the non-relativistic static limit, the wave-function amplitude distortion for potential V(r) can be determined from the
radial solution to the Schrodinger Equation.
I(1+1)

2
Rll(r) = —;R'(T) + 2”( 2[11"2 +V(r) — Eh1h2> R(7)

The relative amplitude is determined numerically [258,259] where the initial conditions are defined using the Spherical
Bessel Functions [260] J,(x), J;(x) and J,(x) for the S, P and D waves respectively.

El L . 7 i iy h
> r Flgure 2 7970 Flux-Tube Model (a = 0) 1 = F 7070 Flwe-Tube Model (a =1) 1
= r . 7t Flux-Tube Model (o =0) ] g [  wtr Flux-Tube Model (a =1) ]
£ 12 L [AI’XIV.2312.01470] K°K° Flus-Tube Model (a = 0) ] £ L KOKO Flue-Tube Model (o= 1) ]
Z L - K*K~ Flux-Tube Model (o = 0) = [ — K*+K~ Flux-Tube Model (a =1)
= ol — oy FluxTube Model (a =0) ] T I — iy Flux-Tube Model (@=1) ]
= r = r

= =

< ' 3 = fr 3]
X L X L

g L o [

oL i R N S B e s e S N S S B S P e
1] 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

s (GeV?/ch) s (GeV2/ct)
In the S states, the colour hyperfine spin-spin interaction produces a strong amplification near threshold [230]. This
extension to the modified line-shape for scalar resonances presented in [228,229,230,231,232] can explain the strong KK
contribution in the £,(980) [230,233,234,235], while explaining the f,(500) and K;(700). This provides another null
hypothesis for Chiral-symmetry breaking being the origin of the composite-quark mass
Depending in the model for the strong annihilation there may or may not be an additional wave-function amplitude

amplification of f,(1370) - nn near the nn threshold.
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Residual Potential in Flux Tube Breaking Model

A ““chromoelectric flux-tube breaking model” constructed in the context of the "“strong coupling lattice
formulation® [27,28,29,30] combined with a "‘revitalized [3P,] quark model” [27,28,29,30].

Mesons are described by gq wave-function solutions for the Schrédinger equation with the potential

3 3 A2 4
Hi(p. ) = H™ + H?P + HEP + H, where H{™ = ( ¢+ br— aST(r)) = (C + br — ‘a;r(r))'
Wave-function descrlbed in terms of harmonic oscillator y ~ polynomial x e=#*"*, where g characterizes the wave-number and is

constrained by the meson properties (ie charge radius)

Most significant residual QCD potential

Colour Hyperfine spin-spin interaction (thp) [27,34,35] — only preserved in S-wave production [37]

32S; - S;asm 325; - S;a ,83 _(gr)?
< s [H s > = 5 (s = Vigy = ez
i 9(2n)2m m;
Linear-Confining Potential (HiLj = br) [34]
. b 2 2 Br\\ _Brn? 2 _3pr? ) )
Vi=o(r) = —CIZ% ﬂr+2\/;—<,8r+ﬁ>erf<7> e 2 ~ 77 1 Vi=o(r) = —=v{=t(r)
Colour-Coulomb Potential (Hf; = 4O‘S(T)) [34]
4a r (Br)? B
VIE(r) = —C? 9; fﬁr — 4erf<'82 ) e 2 VIEY(r) = —=viFi(n)
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Residual Potential in Shell Model

The Shell Model [42], describes the residual QCD potential both in the exterior and interior of the meson. Inside
the meson the residual QCD potential it is effectively averaged over a colour charge density distribution. This
produces a finite value of the colour Coulomb potential (and linear potential) in the meson.

The colour hyperfine spin-spin interaction is modeled empirically as Gaussian

r2

V(r) = Voe_m

The remaining QCD potential is modeled using the Shell Model for
Parabolic Shell Model Distribution [42]

0, r> ao‘/i

_ 2
v = V0<1—< Tﬁ) ) r<ayV2
Qo

Parabolic Shell Model with Yukawa Distribution outside of the meson

(s >
—|]—e %o, r a
0 2) r 0

v = 1 r\
VOE 1+ 1—(a \/E) , r<a0
0

These distributions are normalized to the Flux-Tube Breaking colour Coulomb and linear confining potentials.

This results in potential energies of ~20-100MeV which is consistent with nuclear models.
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