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LO hadronic vacuum polarization contribution

Leading order (LO) hadronic vacuum polarization contribution to muon g-2.

timelike dispersive integral spacelike dispersive integral

aHVP
µ (LO) =

α

π2

∞∫

s0=m2
π0

ds

s
K(2)(s/m2

µ)ImΠ(s) = − α

π2

0∫

−∞

dt

t
Π(t)ImK(2)(t/m2

µ) = 6931(40)× 10−11
(WP20)

K(2)(s/m2
µ) : 1-loop QED g-2 contribution with a massive photon of mass

√
s

K(2)(z) = 1
2 − z +

(
z2

2 − z
)

ln z + ln y(z)√
z(z−4)

(

z − 2z2 + z3

2

)

ImK(2)(z + iǫ) = πθ(−z)

[

z2

2 − z +
z−2z2+

z3

2√
z(z−4)

]

y(z) =
z−

√

z(z−4)

z+
√

z(z−4)

changing variable in the dispersive integral t → x(y(t/m2
µ)) = 1 + 1/y(t/m2

µ)

aHVP
µ (LO) =

α

π

1∫

0

dx κ(2)(x)∆αhad(t(x))

Lautrup, Peterman,deRafael 1972,Carloni Passera Trentadue Venanzoni 2015

κ(2)(x) = 1− x ∆αhad(t) = −Π(t) t(x) = m2
µ

x2

x−1
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LO spacelike integrand

Plot of spacelike LO integrand (α/π)κ(2)(x)∆αhad(t(x)) peak at x = 0.914

• with Eµ = 150GeV MUonE will directly scan the region 0.2 < x < 0.932

• Green=LO directly scanned by MUonE= 84% of aHVP
µ (LO) 84 → 99% alternative LO approach

Ignatov, Pilato, Teubner and Venanzoni, Phys.Lett.B 848 (2024) 138344, arXiv:2309.14205
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Lattice: Analytical LO kernel in the time-momentum representation

aHVP
µ (LO) =

(α

π

)2
∞∫

0

dT G(T ) K̃(2)(T )

• G(T ) correlator of e.m. currents ← lattice

• K(2)(s) −−−−−−−−−→Fourier transform K̃(2)(T ) LO time-kernel

• T Euclidean time
(Bernecker Meyer 2011)

K̃(2)(T ) = 8π2

∞∫

0

dω

ω

[

1

π

ImK(2)(−ω2/m2
µ)

−ω2

][

ω2T 2 − 4 sin2
(
ωT

2

)]

ImK(2)(q2) LO space-like kernel

Analytical integration possible!: T̂ = mµT adimensional time (T̂ = 1 → T = 1.86fm)

m2
µ

8π2 K̃
(2)(T ) = 1

4

Meijer G-function
︷ ︸︸ ︷

G 2,1
1,3

(
3
2

0,1, 12

∣
∣
∣ T̂ 2

)

+ T̂ 2

4 + 1
T̂ 2

+ 2(ln T̂ + γ)− 2
T̂
K1(2T̂ )− 1

2 (Della Morte et al 2017)

= −πT 2(

Struve Bessel functions
︷ ︸︸ ︷

L−1(2T̂ )K0(2T̂ ) + L0(2T̂ )K1(2T̂ ))+
T̂ 2

4 + 1
T̂ 2

−
(

2
T̂
+ T̂

)

K1(2T̂ ) + 2(ln T̂ + γ)− 1
2

(E.Balzani, S.L, M.Passera 2023)

m2
µ

8π2 K̃
(2)(T ) =







T̂ 4

72 + (120(ln T̂+γ)−169
43200 T̂ 6 + . . . T̂ ≪ 1

T 2

4 − πT̂
2 + 2(ln T̂ + γ)− 1

2 + 1
T̂ 2

+

√
π

T̂
e−2T̂

[

−1

4
− 55

64T̂
− 729

2048T̂ 2
+

10515

32768T̂ 3
+ . . .

]

︸ ︷︷ ︸

exponentially suppressed

T̂ ≫ 1
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NLO hadronic vacuum polarization contributions

• Class a: 1 HVP insertion in one photon line of all 2-loop QED vertex diagrams

• Class b: 1 HVP insertion in the photon line of all 2-loop QED vertex with one electron vacuum polarization

• Class c: 2 HVP insertion in the 1-loop QED vertex diagram

aHVP
µ (NLO; 4a) = −209.0× 10−11

aHVP
µ (NLO; 4b) = +106.8× 10−11

aHVP
µ (NLO; 4c) = +3.5× 10−11

aHVP
µ (NLO; total) = −98.7(9)× 10−11

(Krause 1996, Hagiwara Liao Martin Nomura Toebner 2011, Kurz Liu Marquard Steinhauser 2014)

HVP insertion with internal corrections already incorporated in LO
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NLO 4a 4b 4c HVP contribution

timelike and spacelike integral:

aHVP
µ (NLO; 4a) =

α2

π3

∞∫

s0

ds

s
2K(4)(s/m2

µ) ImΠ(s) = −α2

π3

0∫

−∞

dt

t
Π(t) Im2K(4)(t/m2

µ)

2K(4)(s/m2
µ): 2-loop QED g-2 contribution from diagrams with one massive photon of mass

√
s and one massless

photon (factor 2 due to normalization chosen)

aHVP
µ (NLO; 4b) =

α

π

1∫

0

dx κ(2)(x)∆αhad(t(x)) 2
(

∆α(2)
e (t(x)) + ∆α(2)

τ (t(x))
)

aHVP
µ (NLO; 4c) =

α

π

1∫

0

dx κ(2)(x) (∆αhad(t(x)))
2

−∆αl(t) = Π
(2)
l (t) =

(α

π

)[
8

9
− β2

l

3
+ βl

(
1

2
− β2

l

6

)

ln
βl − 1

βl + 1

]

, βl =
√

1− 4m2
l /t

Πl renormalized one-loop QED vacuum polarization function
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NLO class 4a

aHVP
µ (NLO; 4a) =

(α

π

)2
1∫

0

dx κ(4)(x)∆αhad(t(x))

Space-like NLO kernel κ(4)(x) κ(4)(x) =
2(2− x)

x(x− 1)
F (4)(x− 1)

F (4)(u) = −3u4−5u3−7u2−5u−3
6u2

(
2Li2(−u) + 4Li2(u) + ln(−u) ln

(
(1− u)2(u+ 1)

))

+
(u+1)(−u3+7u2+8u+6)

12u2 ln(u+ 1) +
(−7u4−8u3+8u+7)

12u2 ln(1− u)

+ 23u6−37u5+124u4−86u3−57u2+99u+78
72(u−1)2u(u+1)

+ 12u8−11u7−78u6+21u5+4u4−15u3+13u+6
12(u−1)3u(u+1)2

ln(−u)

ImK(4)(z + iǫ) = πθ(−z)F (4)(1/y(z)) y(z) =
z−

√
z(z−4)

z+
√

z(z−4)
< −1

Balzani, S.L., Passera 2112.05704, Nesterenko 2112.05009.

K(4)(z) =
(

z2

2
− 7z

6
+ 1

2

)

[

−3Li3(−y)− 6Li3(y) + 2 (Li2(−y) + 2Li2(y)) ln y + 1
2

(

ln2 y + π2
)

ln(y + 1) + ln(1− y) ln2 y

]

+

(

−
z3

6
+

z2

4
−

7z
6

−
4

z−4
+

13
3

)(

Li2(−y)+
ln2 y

4
+

π2

12

)

√
(z−4)z

+

(

−
7z3

12
+

17z2

6
−2z

)(

Li2(y)−
1
4

ln2 y+ln(1−y) ln y−
π2

6

)

√
(z−4)z

+
(

− 29z2

96
+ 53z

48
+ 2

z−4
− 1

3z
+ 19

24

)

ln2 y +

(

23z3

144
−

115z2

72
+

127z
36

−
4
3

)

ln y

√
(z−4)z

+

(

−
7z3

48
+

17z2

24
−

z
2

)

ln y ln z

√
(z−4)z

+ 1
6
π2

(

− z2

2
+ 5z

24
− 2

z
+ 9

4

)

+ 5
96

z2 ln2 z +
(

23z2

144
− 7z

36
+ 1

z−4
+ 19

12

)

ln z + 115z
72

− 139
144

Barbieri Remiddi 1975

K(4)(0) = 197
144

+ 1
12

π2 − 1
2
π2 ln 2 + 3

4
ζ(3) = −0.328479 2-loop g-2 K(4)(z ≫ 1) → 1

z

(

− 23ln(z)
36

− π2

3
+ 223

54

)
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Comparison of the LO and NLO class 4a x-kernels

• κ(4)(x) changes sign at x = 0.224212 (→ q2 ≈ −(23MeV)2)

• κ(4)(1) = −23
18 , κ(4)(0) = 1

2 ;

• κ(4)(x) provides stronger weight a large q2 < 0 (x → 1) than κ(2)(x)
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Plots of NLO integrands 4a 4b 4c

Plot of spacelike NLO(4a) integrand

(α/π)2κ(4)(x)∆αhad(t(x))

logarithmic singularity for x = 1

Plot of

spacelike NLO(4b) integrand

(α/π)κ(2)(x)∆αhad(t(x)) 2
(

∆α(2)
e (t(x)) + ∆α(2)

τ (t(x))
)

peak at x = 0.936

Plot of

spacelike NLO(4c) integrand (α/π)κ(2)(x) (∆αhad(t(x)))
2

peak at x = 0.988
the 3 NLO integrands at the same scale

• with Eµ = 150GeV MUonE will directly scan the region 0.2 < x < 0.932

• Green=directly scanned by MUonE: 41% of aHVP
µ (NLO; 4a), 82% of aHVP

µ (NLO; 4b), 49% of aHVP
µ (NLO; 4c)

• aHVP
µ (NLO) : can we apply the alternative approach?
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NLO alternative approach: diagrams (4a)

Ignatov, Pilato, Teubner and Venanzoni, Phys.Lett.B 848 (2024) 138344, arXiv:2309.14205

• splitting the timelike integral in low and high-energy regions

• fit approximations K1(s), K̃1(s) to the timelike kernel K(s) in both regions

• split the integral and express integrals of fitting functions with derivatives of ∆αh(t) at t = 0 (obtained from MUonE

data) and contours integrals in the complex plane (obtained from pQCD).

aHVP;NLO
µ = aHVP;NLO(I)

µ + aHVP;NLO(II)
µ + aHVP;NLO(III)

µ + aHVP;NLO(IV)
µ

aHVP;NLO(I)
µ = −

(α

π

)1+1∑ c
(NLO)
n

n!

dn

d tn
∆αhad(t)

∣
∣
∣
∣
t=0

aHVP;NLO(II)
µ = −

(α

π

)1+1 1

2πi

∫

|s|=s0

ds

s

(

K
(NLO)
1 (s)− K̃

(NLO)
1 (s)

)

Πhad(s)

∣
∣
∣
∣
pQCD

aHVP;NLO(III)
µ =

1

3

(α

π

)2+1
s0∫

sth

ds

s

(

K(NLO)(s)−K
(NLO)
1 (s)

)

R(s)

aHVP;NLO(IV)
µ =

1

3

(α

π

)2+1
∞∫

s0

ds

s

(

K(NLO)(s)− K̃
(NLO)
1 (s)

)

R(s)

K
(NLO)
1 (s) ≈ c

(NLO)
0 s+

c
(NLO)
1

s
+

c
(NLO)
2

s2
+

c
(NLO)
3

s3
, sth ≤ s ≤ s0

K̃
(NLO)
1 (s) ≈ +

c̃
(NLO)
1

s
+

c̃
(NLO)
2

s2
+

c̃
(NLO)
3

s3
, s ≥ s0

Stefano Laporta, High-order kernels in spacelike. . . , MPP2024, Liverpool, 13 November 2024 Page 11



Alternative approach: Application to LO and NLO(4a)

Minimization I (least square fit)

s0 (1.8GeV)2 (2.5GeV)2 (12GeV)2

a
HVP;LO(I)
µ · 1011 6868.0 6899.2 6944.7

a
HVP;LO(II)
µ · 1011 58.8 36.2 2.9

a
HVP;LO(III)
µ · 1011 4.1 −4.5 −16.7

a
HVP;LO(IV)
µ · 1011 −0.011 0.005 −1.3 · 10−7

total 6930.9 6930.9 6930.9

a
HVP;LO(II)
µ ∼ 1% aHVP;LO

µ at s0 = (1.8GeV)2

s0 (1.8GeV)2 (2.5GeV)2 (12GeV)2

a
HVP;NLO(4a)(I)
µ · 1011 −187.5 −194.8 −211.4

a
HVP;NLO(4a)(II)
µ · 1011 −20.2 −14.8 −2.3

a
HVP;NLO(4a)(III)
µ · 1011 −0.05 1.98 6.07

a
HVP;NLO(4a)(IV)
µ · 1011 0.074 −0.082 2.3 · 10−4

total −207.7 −207.7 −207.7

a
HVP;NLO(4a)(II)
µ ∼ 10% a

HVP(4a);NLO
µ at s0 = (1.8GeV)2 aHVP

µ (NLO; 4a) : 41% → 90% (preliminary)

(work in progress)
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Lattice: NLO(4a) time-kernel

aHVP
µ (NLO;4a) =

(α

π

)3
∞∫

0

dT G(T ) K̃(4)(T )

• G(T ) correlator of e.m. currents ← lattice

• K(4)(s) −−−−−−−−−→Fourier transform K̃(4)(T ) NLO(4a) time-kernel

• T Euclidean time

K̃(4)(T ) = 8π2

∞∫

0

dω

ω

[

2 F (4)(1/y(−ω2/m2
µ))

−ω2

][

ω2T 2 − 4 sin2
(
ωT

2

)]

F (4) : NLO(4a) space-like kernel

• integral with (ωT )2 analytically easy; integral with sin2(ωT/2) difficult.

• not able to integrate analytically all the terms of F (4)

• → Series expansions

• small-T expansion is straightforward

• large-T expansion is asymptotic
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Expanding for small T

splitting the ω-integral and expanding the factors

m2
µ

16π2 K̃
(4)(T ) =

∑

n≥4
n even

T̂n

n!

(

an+bnπ
2+cn

(

ln(T̂ ) + γ
)

+dn

(

ln(T̂ ) + γ)2
))
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(asymptotic) expansions for T̂ → ∞

m2
µ

16π2 K̃
(4)(T ) =

T̂ 2

2

(

197
144 +

π2

12 − 1
2π

2 ln 2+ 3
4ζ(3)

)

− πT̂

8
+
(

ln T̂ + γ
)(

1− 5

12T̂ 2

)

− 7ζ(3)

4
+

7

6
π2 ln(2)− 127π2

144
+

653

216

+ π

[

− 1

2T̂
+

277

360T̂ 3
+

313

1120T̂ 5
+

101

128T̂ 7
+

99175

16896T̂ 9
+

24332175

292864T̂ 11
+

202954815

106496T̂ 13
+

35848186605

557056T̂ 15
+ . . .

]

+

(
209

180T̂ 2
− 11

280T̂ 4
− 53

252T̂ 6
− 81

22T̂ 8
− 13158

143T̂ 10
− 41160

13T̂ 12
− 2477520

17T̂ 14
− 2813680800

323T̂ 16
+ . . .

)

+ e−2T̂

[

π2

(

−1

4
− 23

24T̂
− 67

48T̂ 2
+

5

24T̂ 3
+

1

16T̂ 4
− 17

16T̂ 5
+

175

32T̂ 6
− 105

4T̂ 7
+

525

4T̂ 8
− 11235

16T̂ 9
+

129465

32T̂ 10
− 401625

16T̂ 11
+ . . .

)

+ (log(T̂ /2) + γ)
√
π

(
1

2T̂ 3/2
+

169

96T̂ 5/2
− 877

3072T̂ 7/2
− 32549

49152T̂ 9/2
+

4571915

1048576T̂ 11/2
− 355430947

16777216T̂ 13/2
+ . . .

)

+
√
π

(
95

144T̂ 1/2
+

5897

2304T̂ 3/2
+

204643

368640T̂ 5/2
+

136124953

41287680T̂ 7/2
− 13694145841

2642411520T̂ 9/2
+

633979991035

93012885504T̂ 11/2
+ . . .

)]

• series expansion consists of five different series

• all series expansions are asymptotic: factorial growth of coefficients

• there is a dominant part and exponentially suppressed part ∼ e−2T̂

• numerically of limited use, as an asymptotic series needs truncation, : and the truncation error of the dominant

part is ∼ e−2T̂ , which is the size of the exponentially suppressed part:
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Expansion of K̃(4)(T ) in powers of (T̂0/T̂ − 1)

• The series converge for T̂ ≥ T̂0/2, even for T̂ = ∞

• For each of the five series we get a Laplace integral representation through rotation in the ω− complex plane of the Fourier integral,

from which we expand and obtain numerically the coefficients a
(b;x;y)
n

m2
µ

16π2 K̃
(4)(T ) =

T̂ 2

2

(

197
144

+ π2

12
−

1
2
π
2 ln 2+ 3

4
ζ(3)

)

−
πT̂

8
+
(

ln T̂ + γ
)

(

1−
5

12T̂ 2

)

−
7ζ(3)

4
+
7

6
π
2 ln(2)−

127π2

144
+
653

216

+
1

T̂

∞
∑

n=0

a
(b;1;1)
n

(

T̂ 2
0

T̂ 2
− 1

)n

+
1

T̂ 2

∞
∑

n=0

a
(b;1;2)
n

(

T̂ 2
0

T̂ 2
− 1

)n

+ e
−2T̂

∞
∑

n=0

a
(b;2;1)
n

(

T̂0

T̂
− 1

)n

+
e−2T̂

√

T̂
ln(T̂ )

∞
∑

n=0

a
(b;2;2)
n

(

T̂0

T̂
− 1

)n

+
e−2T̂

√

T̂

∞
∑

n=0

a
(b;2;3)
n

(

T̂0

T̂
− 1

)n

• Time-kernel for diagrams 4a, together with those for diagrams 4b and 4c were recently used in a preliminary

lattice determination of the NLO HVP contributions to the (g-2)µ, (Beltran Martinez and Wittig 2024)

(aHVP
µ (NLO) = −101.0(2.5)× 10−11)
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NNLO hadronic vacuum polarization contributions

sample NNLO diagrams

• set 6a contains also diagrams with muon loops (like 6b 6bll)

• HVP with internal corrections already incorporated in NLO and LO

• a
HVP
µ (NNLO; total) = +12.4(1)× 10−11

Kurz Liu Marquard Steinhauser 2014
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NNLO hadronic vacuum polarization contributions

aHVP
µ (NNLO; 6a) =

α3

π4

∞∫

m2
µ

ds

s
K(6)(s/m2

µ) ImΠ(s) = −α3

π4

0∫

−∞

dt

t
Π(t) ImK(6)(t/m2

µ)

• NLO: K(4)(s/m2
µ) is known analytically

• NNLO: K(6)(s/m2
µ) is NOT known analytically.

• Only a few terms of the asymptotic expansions for large s are known.

• We need to find approximated spacelike kernels from the asymptotic expansions
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d

K(6a)(s/m2
µ): Only the first 4 terms of the expansion in power series of r = m2

µ/s are known →n=4

Kurz, Liu, Marquard, Steinhauser, PLB734 (2014) 144

The expansion in small r contain terms with rn ln r, rn ln2 r and rn ln3 r. We use an integral ansatz:

K(6a)(s/m2
µ) = r

1∫

0

dξ

[
L(6a)(ξ)

ξ + r
+

P (6a)(ξ)

1 + rξ

]

L(6a)(ξ) = G(6a)(ξ) +H(6a)(ξ) ln ξ + J(6a)(ξ) ln2 ξ new@NNLO

G(6a), H(6a),J(6a), P (6a) polynomials of degree 3

G(6a)(ξ) =
3∑

i=0

g
(6a)
i ξi, H(6a)(ξ) =

3∑

i=0

h
(6a)
i ξi, J(6a)(ξ) =

3∑

i=0

j
(6a)
i ξi, P (6a)(ξ) =

3∑

i=0

p
(6a)
i ξi

We integrate in ξ, expand in r, and we fit the coefficients g
(6a)
i , h

(6a)
i , j

(6a)
i and p

(6a)
i , i = 0, 1, 2, 3, in order to match

the coefficients of the asymptotic expansion in r of K(6a)(s/m2
µ). The approximated kernel κ̄(6a)(x) is

aHV P
µ (NNLO; 6a) =

(α

π

)3
1∫

0

dx κ̄(6a)(x)∆αhad(t(x)),

κ̄(6a)(x) =







2−x
x(1−x)

P (6a)
(

x2

1−x

)

, 0 < x < xµ = (
√
5− 1)/2 = 0.618 . . .

2−x

x3 L(6a)
(

1−x

x2

)

, xµ < x < 1 discontinuous in xµ

• The contributions of classes (6b) and (6bll) can be calculated similarly to class (6a).

• aHVP
µ (NNLO; 6a) = +8.0× 10−11 aHVP

µ (NNLO; 6b) = −4.1× 10−11 aHVP
µ (NNLO; 6bll) = +9.1× 10−11

• The uncertainty due to the series approximations of K(6a), K(6b), K(6bll) are estimated to be less than O(10−12)
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d
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NNLO integrands 6a 6b 6bll

Plot of spacelike NNLO integrands 6a 6b 6bll

Huge, almost complete cancellations between positive and negative parts of integrands

Part of the integral directly scanned by MUonE: 6a : 15%, 6b : 16%, 6bll : 38%.
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d

aHV P
µ (NNLO; 6c) = aHV P

µ (NNLO; 6c1) + aHV P
µ (NNLO; 6c2) + aHV P

µ (NNLO; 6c3) + aHV P
µ (NNLO; 6c4)

aHV P
µ (NNLO; 6c1) =

(α

π

)2
1∫

0

dx

[

κ(4)(x) − 2π

α
κ(2)(x)∆α(2)

µ (t(x))

]

[∆αhad(t(x))]
2

6c4 separated

multiplicity=3

aHV P
µ (NNLO; 6c3) =

3α

π

1∫

0

dxκ(2)(x) [∆αhad(t(x))]
2
∆α(2)

e (t(x))

aHV P
µ (NNLO; 6c4) =

3α

π

1∫

0

dxκ(2)(x) [∆αhad(t(x))]
2
∆α(2)

µ (t(x))

aHV P
µ (NNLO; 6d) =

α

π

1∫

0

dxκ(2)(x) [∆αhad(t(x))]
3

aHV P
µ (6c1) = −5× 10−12, aHV P

µ (6c3) = 0.9× 10−12, aHV P
µ (6c4) = 0.1× 10−12, aHV P

µ (6d) = 0.05× 10−12
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NNLO integrands 6c1 6c3 6c4 6d

peak at x = 0.997

Part of the integral directly scanned by MUonE: 6c1 : 9%, 6c3 : 44%, 6c4 : 23%, 6d : 16%. 6c2 ?
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d

This class requires double integrals

aHV P
µ (NNLO; 6c2) =

α2

π4

∞∫

s0

ds

s

∞∫

s0

ds′

s′
K(6c2)(s/m2

µ, s
′/m2

µ)ImΠhad(s) ImΠhad(s
′).

aHV P
µ (NNLO; 6c2) =

(α

π

)2
1∫

xµ

dx

1∫

xµ

dx′ κ̄(6c2)(x, x′)∆αhad(t(x))∆αhad(t(x
′)),

κ̄(6c2)(x, x′) space-like bidimensional kernel, xµ < {x, x′} < 1

κ̄(6c2)(x, x′) =
2− x

x3

2− x′

x′3
G(6c2)

(
1− x

x2
,
1− x′

x′2

)

From the leading terms of the known asymptotic expansion of K(6c2)(s/m2
µ, s

′/m2
µ):

s/s′ ≪ 1 or s/s′ ≈ 1 or s/s′ ≫> 1 and s, s′ ≫ m2
µ we get the approximated space-like kernel

G(6c2)(ξ, ξ′) =
1855− 188π2

4 (32π2 − 315)

min(ξ, ξ′)

max(ξ, ξ′)2
+

988π2 − 9765

4 (32π2 − 315)

min(ξ, ξ′)2

max(ξ, ξ′)3
+

6
(
435− 44π2

)

32π2 − 315

min(ξ, ξ′)3

max(ξ, ξ′)4

Contribution of 6c2 class is aHV P
µ (6c2) = −1.8× 10−12

The uncertainty of this leading order approximation is estimated to be ∼ 10−13

NNLO(6c2): part of the integral directly scanned by MUonE= 6% of the diagram contribution

plot of κ̄(6c2)(x, x′)
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Conclusions

• NLO: Exact NLO space-like kernels are known.

• MUonE directly scans 41%, 82%, and 49% of the integrals of NLO (4a), (4b) and (4c), respectively

• Using the alternative approach on the timelike integral the percentages of the contributions deduced from the

MUonE data can be substantially improved (work in progress).

• For the NLO(4a) time-kernel we have an analytical expansion in powers of T and a numerical expansion in

powers of (T̂0/T̂ − 1)

• The combination of these expansions, with a suitable choice of numbers of terms, of the expansion point T̂0 and

of the separation point T̂s between regimes, allows to determine the NLO(4a) time-kernel with an error

∆f̃ < 3× 10−8 for every value of T̂ . These expansions were already used in a lattice determination of the NLO

HVP contribution to muon g-2.

• NNLO: Approximated space-like NNLO kernels were obtained from the first terms of the asymptotic expansions.

For one set (6c2) containing two HVP insertions on different photon lines, we worked out a bidimensional

approximated space-like kernel. The precision of the contributions of all the approximated space-like kernels

obtained is at the level of 10−13.
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THE END

Thank You
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