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Outline of the talk

** Two-loop helicity amplitudes

0:0 Quark annihilation channel

¢  Gluon fusion channel

*%* Differential equations

®» Elliptic Feynman integrals

** e-factorised basis

** Series expansions and numerical evaluation

o3 Large-mass expansion

*3* Expansion around threshold
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Two-loop helicity amplitudes for diphoton production

We consider the amplitudes for diphoton production through a heavy-quark loop

q(py) +q(p,y) = y(—p3) + y(—py)
g(py) + 8g(py) = y(—p3) + y(—py)

At partonic level the scattering processes are :

All the momenta are taken incoming and the external particles are on-shell: pl.2 =0

The kinematics is described by the usual Mandelstam invariants for 2 — 2 processes:

s=(pi+p)° 1= +p) u=(py+py) s+1+u=0
s >0

Physical scattering region: Relevant for numerical evaluakion and Phev\omenotogv
—s<t<0
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Two-loop helicity amplitudes for diphoton production

4
®%*  Quark annihilation channel: A 78, 1) = SH [Z F (s, t)ﬁ(pz)l“é"” u(pl)] €3,(P3)€4,(Ps)
i=1
3
®*  Giluon fusion channel: A oo (8, 1) = 64 Z G(s, DT u(py) | €1, (P)€r,(PE3 ) (P3)E4 (Ds)
i=1
‘tHV-scheme :
[ =y'py, IV =y*pf, F’é’” = p3,v' PPy, I = p; 8" [F.Caola,A.Von Manteuffel,L.Tancredi]
" = pipipipy, T, = pip g, TH" =pip/g™’, T,”"" = pip 8™, T = pip;g", [T.Peraro,L.Tancredi]
"7 = p/py g™, Téwpa = Plppzag/wv Téwpa = ggh’ + ghg™" + g'g™ [P.Bargiela,F.Caola,A.Von Manteuffel,L.Tancredi]
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Two-loop helicity amplitudes for diphoton production

We can fix the helicities of the external states:

L 2[34)°
= 323 %) .
. 2(23)[41]
g = AR .
pprs _ L12][34]
88 o <12><34> f++++(x’y)’
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Two-loop helicity amplitudes for diphoton production

The spinor free helicity amplitudes can be expanded in the bare strong coupling af:

2 O{b / 2 ab /
_ s (Lb) — 5 (1,b)
Q. = 8(4ra,,) ) = ) @ Q= 08,,,(470,,) ) - ) 9
=0 AAVAVAVa¥ =
Qqq= {aaﬂa}/?é} Qgg= {f++++’ .‘.’f+——+}

We can define the projector operators which act directly on the Amplitude represented in terms of Feynman diagrams:

D PYA, =5%4za,,)elF;, = 1,...4

pol

Z P(éé)Agg — 5a1a2(4ﬂaem)(}j j= 1,---.8

pol
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Scalar integral families

We have five scalar integral families (without counting the crossings)

+%» 3 planar topologies - PLA, PLB, PLC Relevank &OPQLQSL@_S for

0:0 2 non-planar topologies - NPA, NPB dE‘PkOEOV\/ di&je& Forc::-ciuaﬁmm

PLA PLB PLC

NPA NPB
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Mis for diphoton production

IB?Ps
o gg:138diagrams ~—¥%  Form factors in terms of 32936 scalar integrals 161 Mls
Svjmm@ries

PLA, =PLA PLC. = PLC NPB, = NPB

P1—=P2 P2 P1 N o

P1—=P2, P2 P1 P17=P2: P2 P4, Pa—P1

PLA0123 = PLA PLC0123 — PLC

P1=P2 P2 P3P Py P1=P2> P2—P3, P3P
PLA0124 = PLA 1\IP1Ax6123 = NPA PLB does not

P17=P2, P27P4; P4—P1 P1— P2 Pr—P3, P3P COntribUte tO

B the amplitude

PLA01234 = PLA NPA0124 = NPA

P17=P2: P2 P3, P37 P4, Pa—P
b b 2B 05 T P P17P2, P2 P4, P4 P1

PLA___ =PLA
1243

NPB, = NPB
P1=P2, P2 P4, Pa— D3, P3P

P1DP2, P2 P3, P3P

~

' Tokal of 168 MIs for dipha&av\ \\

o ¢q : 14 diagrams [M.Becchetti,R.Bonciani,L.Cieri,F.Coro,F.Ripani]
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Mis - Diphoton/Dijet production

®¥ Same elliptic sectors

R20O Mls o
*%* More crossing of the transcendental functions and periods
o3  Same elliptic sectors

166 Mi1s

%®* Same transcendental functions

!

DEs in e-factorised form for all the system, including the NPA
family. This introduces new transcendental functions, in
particular periods of the elliptic curve
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Differential equations

Let’s denote by I the set of all the MIs: I = {[, -+, [;¢5} [ =1IL(x,y;e) i=1,---,165

t m*
The amplitude depend on two dimensionless ratios: x=——, y=—, 0<x<1

S )
We can use IBPs to obtain a closed system of linear DEs: dl(x,y;e) = Ax, y; e)l(x, y; €)
The choice of the basis of Mls is not unique I(x,y;e) = B(x,y; e)f(x, Vi, €) ey df(x, V; €) = A(x, y; e)f(x, y; €)
It is convenient to derive an e-factorised basis: df(x, V, €) = eA(x, y)f(x, y; €) [J.M.Henn]
Formal solutiown: f(X, y) =P |exp (6 A(x, }’)) f(Xo, Yo)

Ty

Federico Coro Scattering Amplitudes @ Liverpool 11



g-factorised form beyond MPLs

Procedure to obtain an e-factorised form for any Feynman integral family

[L.Gorges,C.Nega,L.Tancredi,F.J.Wagner]

Choice of the initial basis I ¥ Related to the underlying geometry associated to the integral family

_ Solution at € = 0 for the
O = 0O(€)4 DEs required as first step
() (] C(}MF?LQEE euipﬁﬁ | |
W = 0wy 0 ., w,, w; ~ K imbeqral of the W=W. W, Rotate to unipotent basis

first kind

f=T,;-T,- Wl —p df = e dA(s, mz)f e-factorised form

Federico Coro Scattering Amplitudes @ Liverpool
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Periods - local solutions around MUM points

Given an elliptic curve defined by the algebraic equation : Y? = P,(X)
2
N 2) _ 2\ 3
0,.W=AW —» LVw,=0 FO =N amHo
j=0
, dX , dX
wy(s, m*) = w,(s,m~") = Solutions of the associated Picard-Fuchs operator (PF)
#z, \/ Pa(X) %, \/ Pa(X)

For an elliptic curve, each regular singular point is a MUM point -  Local solution fo the PF operator

’(U(EZ](S, m?) holomorphic solution
Frobenius basis :
wl[Z](S, m?) contains a single power of a logarithm

Federico Coro Scattering Amplitudes @ Liverpool
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Elliptic sectors NPA - Inpa(l,1,1,0,0,1,1,1,0)

**  Abel differential of the first kind

- 2 Mls Choice of the initial basis:

**  Derivative of the first one wrt internal mass

Maximal cut in loop-by-loop Baikov representation (d=4):

MC (Inpa(1,1,1,0,0,1,1,1,0)) ~ lj i Abel differential
\/(le — 29)(5 + m2 — Z9)(m2(m2 _ 3S) _ (2m2 + S)Zg 4 Z92) (D“f the “fLTS& kind

\)
[J.Broedel,C.Duhr,F.Dulat,B.Penante,L.Tancredi]

[ = se*] 1,1,1,0,0,1,1,1.,0
Choice of the initial basis: : NPA( )

12 — amzll
I 0 1 I
1 1 .
0, ( I ) = 4(1 +2¢)(1 + 4e) s+ 32m* + e(2s + 48m?) ( I ) + inhomogeneous part
2 m2(s + 16m?) m%(s + 16m?) 2
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Elliptic sectors NPA -

Inpa(1,1,1,0,0,1,1,1,0)

I, 0 1 I,
We start with the homogeneous part at € = 0: amz( ) = ( 4 s + 32m” ) ( )
J P 12 m2(s + 16m?) m2(s + 16m?) 12
0 1
Homogeneous solutionate =0 =¥ 0,.W = 4 s + 32m? 14
m?(s + 16m?) m?(s + 16m?)
W=WwW -W

0 1
™, 0
* WS 0,2, 1

sm(s + 16m?)wy,

Federico Coro

0 1
= W
(0 )"

+t— 1w, (amﬂvl) ! (amﬂﬂo) — [sz(s T 16m2)]_1
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Elliptic sectors NPA - Inpa(l,1,1,0,0,1,1,1,0)

1
_ _ Kl W_l Il | p Kl 0 m?s(s + 16m?)w; Kl
Change to a unipotent basis: k) ="\ ~—tp 0, K,) = » (24sw2 + 2505 4+ 24y (0t )) 2e(s + 24m?) K,
0 0rm="40 m2(s + 16m?2)
. K1 _ 10 K,
Rescale the second integral: %)~ \o % K,
Still a part not proportional to ¢ —(24sw; + 2s(s + 24m*)w(0,,.m,) ) — 32esw; —  We need to integrate out a total derivative
) ( [ (s +24m?) | \
Jl B 1 0 Kl _ "\ P Jl B m?(s + 16m?)  m?s(s + 16m?)wg Jl +inh t difiad
J2 B S(S+24m2)’(ﬂg 1 KZ o | J2 - ¢ s(s + 8m?)w§ (s + 24m?) J2 inhomogeneous part (modified)
\ m2(s + 16m?) B m2(s + 16m?) )

\- B
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Elliptic sectors NPA - Inpa(l,1,1,1,0,1,1,1,0)

1 dZ5d29
MC |Inpa(ls1,1,1,0,1,1,1,0) | J P is quadratic in Zz and cubic in
[ ] s ) Py 5(2s, 29) 2’3(25 ’ Z9) X <5 <9
ng . . 2
<5 § ) (m# =t — 29)\/ Pa(z9)

Res. _

1
Zg=t—m? ] S (m?—t— @)\/% ] ) S\/P4(m2 — 1)

Perfect candidate for the Abel differential of the third kind

**  Abel differential of the first kind

®%*  Derivative of the first one wrt internal mass
We expect as initial basis:
**  Abel differential of the third kind

**  Abel differential of the third kind
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Elliptic sectors NPA - Inpa(l,1,1,1,0,1,1,1,0)

1 r
MC (Lypa(1,1,1,1,0,1,1,1,a)) x — | dz
(e ) s 17 m2 = 1 = 290/Pazo)

25"

I = se* ((mf — Dlyps(1,1,1,1,1,0,1,1,1,0) — Lyp,(1,1,1,1,1,0,1,1,1, — 1))

L = €*s 0, ((m* — HIypa(1,1,1,1,0,1,1,1,0) — Inpa(1,1,1,1,0,1,1,1, — 1))

Choice of the initial basis:
L = €*s ((m* = DINpa(1,1,1,1,0,1,1,1, — 1) — Inpa(1,1,1,1,0,1,1,1, — 2))

I, = 645\/P4(m2 — Inpa(1,1,1,1,0,1,1,1,0)

e s(s + 200/ Py(x — 1)
The procedure introduces a new transcendental function:  G(s, ¢, mtz) = J dx
(t(s + t) — 4sx)?

@, (S, X)
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Helicity Amplitudes and lterated Integrals

i ** 12 letters are purely rational
74
We obtain a fully e-factorised basis : df =€ 2 Gw; | f ** 45 letters are algebraic
i=1 i
*:* 17 contains kernels of elliptic functions

17 contains kernels of elliptic functions —% 4 are modular letters and 13 mix the periods of the elliptic curve

We substitute the Mls as iterated integrals in the amplitudes :

**  All the iterated integrals with elliptic kernels identically cancel in the poles of the bare amplitudes

%* Alarge number of algebraic letters drop

Analytic expression for the poles in terms of weight 3 iterated integrals, depending only on the one-loop letters
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Helicity Amplitudes - Renormalisation

*%* MS scheme for massless quarks
Mixed renormalisation scheme:

%* On-shell scheme for the heavy quark

Bare helicity amplitudes Renormalizakion
** UV and IR poles for gg-channel and UV poles for gg-channel K/ i \

Strong coupling Mass (99— Quark/gluon wave
®¥ The poles are polylogarithmic | f channel) function

The poles in the bare amplitudes are not elliptic (rewriting the amplitudes in terms of iterated integrals)

(2.fin) _ 2,UV)
Qqq o Qqq

' ' et C —s —i0T\ *
Qggafm) _ Q%UV) _ ]éé)Qgg,UV) Qgg,fm) _ Qgg,UV) 7D — ( A ﬂo) ( ) 'S.Catani
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Helicity Amplitudes - Finite Remainders

Analytical solutions for the

Finite remainders in terms of 154 Mils ~—#%  Extra relations between Mis heti&i&v ampii&udes i berms
. of iterated inteqrals
% 88 =Y

O

%* All the algebraic letters appear in the finite remainder

** 2 rational letters drop

*:0 6 of the elliptic letters drop  —¥ All the letters with wg at the numerator drop (or mix of j, and G)
* 1 modular letter
* 5 elliptic letters
NS qa — :
e dqdq — 7vY-

/ < L«f&ta& tons at EME@:ng:d ;
_and amplitude level

B —

®%*  Only 4 rational and 26 algebraic letters contribute to the finite remainders

®%* Another elliptic letter drop
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Series expansion & numerical evaluation

We want to efficiently evaluate the helicity amplitudes numerically

0:0 Usual approaches S Numerical evaluation on the fly producing series expansions in different phase-space points

0:0 Our strategy = ~——p Series expansion representation for the whole amplitude

1 Small number of expansions
o A~ ]
2} \ : Large mass expansion Around threshold Small mass expansion

To consistently expand around a regular singular point the DEs:

\ | #*  Normal crossing divisors

<.
%* Blow-up

| L L L | L . L | L L L |
0 2 4 6
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Large mass expansion

The point m? corresponds to (s, £) = (0,0)

N —
N

;\
024\6

A lot of singular lines around that point
cross tangentially to each other

1

tm?
Xl — S2
Blow-up:
S
Xy = ——
> Am?2

Good set of variables for the double expansion

Denominators ~ -~  Problem with the expansion order

S+ 1

Federico Coro
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Singular lines are disentangled
In the expansion point
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Expansion at s = 4m?

s = 4m? is a regular point on the elliptic curve The elliptic curve does not deqgerate at this point

w@,(s, m?) does not depends on t, but G(s, r, m?) —¥ The expansion of the amplitudes is non-trivial

Double series expansion in (s, ) = (4m?,0) to avoid the integration problem

We don’t need a blow-up here: only two singular lines cross this point

yp =4
Expansion variables:

Yo =
m?2

BC trivial in (0,00 =¥  y(1) = (4m?1,0), 1 € [O,l] To transport them using the DEs in the new point

Federico Coro Scattering Amplitudes @ Liverpool
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Numerical Evaluation

Large mass expansion: (0,0)
Symmetry under the exchange of the photons : p; <> p, (f < u)
Expansion around threshold: (4m?,0)

(s,u) = Am%0) —¥ (s,1) = (@m?*, — 4m?) Same for the large mass expansion

We have the expansion around these four points to cover large part of the phase-space

Evaluation time:  0.025s —0.07s  Ona single core For the evaluation of a helicity coefficient’
s/m? || 13/10 23/10 28/9 11/3 22/5 51/10
t/m? || -3/5 -1 -1/10 -5/2 -3/5 -11/10
o 3.0x 1077 | 4.1x1077 | 2.3x10717 | 1.0x1072! | 5.2x107%! | 3.5 x 1078
B 8.4x10712 | 7.7 x107° | 2.1x107%® | 6.7x107%3 | 7.0x1072%% | 1.5 x 10~°
Y 571071 [ 29 x107% | 3.3x107% | 6.8x107% | 3.3x107% | 2.5 x 107
O 3.0x 1079 | 4.1x1077 | 2.3x10717 | 1.0x1072! | 5.2x1072 | 3.5 x 1078
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Numerical Evaluation
88 = VY

(2,) (2,b) (2,b) 2,b ) 2,b
(a) fiiis (b) fZ27%4 (c) fZ24 (d) fi_l.p (e) fEF4 (f) f-&--j--}- (g) f_(|_2_i’_bl+ (h) f_ﬁ_z_l’_b_{)__

(a) (b) A (8) Yn (h) 6n

0 Number of digits of precision
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