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Feynman Integrals

MonteCarlo Integration 
Methods

• Sector decomposition
• Tropical Integration
• Loop-Tree duality
• …

pySecDec

FIESTA
Lotty

FeynTrop

AMFlow
DiffExp

SeaSyde
DESS

• Series expansions methods
• Auxiliary-mass flow
• …

• Evaluating integrals in a 
single point

• No need of additional inputs

• Relatively heavy 
computational needs

• Solutions via series 
expansions

• DEs and boundary 
conditions required

• Computationally efficient

Motivation

AMFlow implements series expansion methods 
with automated boundary constants

Solution of 
Differential Equations



Series expansion methods
(DiffExp, SeaSyde, LINE)

 - Analytical IBPs + Differential Equation system
 - Boundary condition as input
 - Propagating boundary to input PS-points[Hidding:2006.05510]

[Armadillo,Bonciani,Devoto,Rana,Vicini:2205.03345]

Auxiliary mass flow
(AMFlow)

 - Introducing a mass parameter  into propagators
 - Numerical IBPs + DE system depending on  only
 - Automatic Boundary condition at 
 - Propagating boundaries to 

η
η

η ∼ ∞
η → 0[Liu,Ma:2201.11669]

[Liu,Ma:2201.11669]

[Dubovyk,Freitas,Gluza,Grzanka,Hidding,Usovitsch:2201.0257]

[Heinrich:0803.4177]

Sector Decomposition
(SecDec, pySecDec)

 - Feynman parametrization
 - Splitting integration domain
 - End-point subtraction of singularities and   expansion
 - contour deformation + expansion-by-region
 - MonteCarlo integration of finite integrals

ϵ

[Heinrich,Jones,Kerner,Magerya,Olsson,Schlenk:2305.19768]

[Borinsky,Munch,Tellander:2310.19890]

 - Feynman parameters + contour deformation 
 - Tropical approximation of Symanzik Polynomial
 - MonteCarlo integration improved with tropical sampling
 - Improving sampling by geometrical insights

xi → xie
−iλ d

dxi ( 𝒰(x̄)
ℱ(x̄) )

Tropical integration
(FeynTrop)

[Borinski,Munch,Tellander:2302.08955]

[Prisco,JR,Tramontano:to appear]

Motivation

https://arxiv.org/abs/2302.08955


Motivation

AMFlow: DEs w.r.t. an auxiliary mass

DiffExp: DEs via series expansions

SeaSyde: DEs + complex masses

Mathematica packages

• Multi-purpose 
• High-level
• Licenses issues

C Implementation

• Low-level language
• Open source
• Suitable for clusters

We propose a novel tool: LINE (Loop Integrals Numerical Evaluation)

}
Codes implementing the DE method via series expansions



d
dsij

Ī(s, ϵ) = Aij(s, ϵ)Ī(s, ϵ), Ī(si, ϵ) = Ī0

d
dη

Ī(η, ϵ) = A(η, ϵ)Ī(η, ϵ)

s = s(η)

Solution by series expansion
Differential Equations for Feynman Integrals

s11

s12

s23
si

sf

DEs

branch cut

br
an

ch
 cu

t

Ī0

dA(s, ϵ) Parametrizing path w.r.t. the line parameter  η

A(η, ϵ) =

× 0 0 0 0 0 ⋯
× × × 0 0 0 ⋯
× × × 0 0 0 ⋯
× × × × 0 0 ⋯
⋮
⋮ ⋱
× ⋯ × × ×
× ⋯ × × ×
× ⋯ × × ×

Differential Equations w.r.t the line parameter η

ϵη
Rational functions of 
polynomials of    and      Block-Triangular structure

Phase Space



Solution by series expansion

Ī(η, ϵ) = ϵ−2l
ord

∑
j=0

Īj(η) ϵ j + O(ϵord+1)
ϵ2l

1 Ī(η, ϵ1) = Ī0(η) + Ī1(η)ϵ1 + Ī2(η)ϵ2
1 + ⋯

⋮
ϵ2l

ordĪ(η, ϵord) = Ī0(η) + Ī1(η)ϵord + Ī2(η)ϵ2
ord + ⋯

s = (sf − si)η + si, η ∈ [0,1]

-expansion of the solution from interpolationϵ

Trading a two-variables DE with several one-variable problems

Interpolating 

Selecting a straight path connecting     andsi sf

Linking gmp, mpfr, mpc libraries



Ī(η) =
∞

∑
k=0

ck ηk

Ī(η) = ∑
λ∈S

ηλ
Lλ

∑
l=0

logl η
∞

∑
k=0

cλ,l,kηk

Solution by series expansion

Im(η)

Re(η)0 1
Poles of the DE matrix

Regular points

Matching points

Ansatz around regular points

Ansatz around regular-singular points

d
dη

Ī(η) = A(η)Ī(η)

Propagating the boundary along the path η ∈ [0,1]

- Find poles of the DEs
- Define a proper path, i.e. sets of points between 0 and 1
- Use DE to fix the coefficients of the solutions ansatz



Ī(η) = T(η)Ī′￼(η)

A′￼(η) = T−1(η)A(η)T(η) − T−1(η) d
dη T(η) d

dη
Ī′￼(η) = A′￼(η)Ī′￼(η)

d
dη

Ī(η) = A(η)Ī(η)

A′￼(η) =
1
η

∞

∑
k=0

A′￼k ηk

Solutions admit at most regular-singular points

Ī(η) = ∑
λ∈S

ηλ
Lλ

∑
l=0

logl η
∞

∑
k=0

cλ,l,kηk

Normalized Fuchsian form

At most simple poles

Poincaré rank > 0 Poincaré rank = 0

If ,      Then( ) ( ),

Solutions ansatz around regular-singular points

 can be found algorithmically
Automated method from [Lee ’15, arxiv:1411.0911]
T(η)

Normalized Fuchsian form

Eigenvalues of the 
leading term A′￼0

Dimension of the 
Jordan chain related to λ

https://arxiv.org/abs/1411.0911


Mathematical expression in C
Typical matrix element

O(10) MB∼



𝚖𝟸 * 𝚜 ̂𝟽 * 𝚝 ̂𝟺 * (𝟾 − 𝟼 * 𝚍 + 𝚍 ̂𝟸)Parsing mathematical expressions

• sum 
• products 
• division 
• expansions
• …

LINE implements a dedicated parser
• No needs for general purpose tools
• Expressions trees via linked lists
• Operations via lists management

Mathematical expression in C

Basic operations: 



What expressions we need to manipulate?

• Shifts
• Products, sums, LCM
• Limits on singular points

Numerator

Denominator

p(η) = a0 + a1η + a2η2 + …

q(η) = ηm0(η − η1)m1(η − η2)m2⋯

Rational functions of large polynomials: 
p(η)
q(η)

A(η, ϵ) =

× 0 0 0 0 0 ⋯
× × × 0 0 0 ⋯
× × × 0 0 0 ⋯
× × × × 0 0 ⋯
⋮
⋮ ⋱
× ⋯ × × ×
× ⋯ × × ×
× ⋯ × × ×

Storing coefficients

Storing roots and their multiplicity

Operations

p(η)
q(η)

Mathematical expression in C



p11(η)
η(η − η1)

⋯ 0

⋮ ⋱ ⋮
pn1(η)

η3(η − η4)(η − η6)2⋯
⋯

pnn(η)
η(η − η2)4(η − η24)2⋯

roots = {η0, η1, …, ηN} roots = {𝟶 . 𝟶𝟶𝟶𝟶𝚎𝟶, 𝟺 . 𝟸𝟶𝟶𝟶𝚎𝟷, ⋯, 𝟷 . 𝟶𝟶𝟶𝟶𝚎𝟷}

{𝚛𝟶 : 𝟷, 𝚛𝟷 : 𝟷} ⋯ 0
⋮ ⋱ ⋮

{𝚛𝟶 : 𝟹, 𝚛𝟺 : 𝟷, 𝚛𝟼 : 𝟸, ⋯} ⋯ {𝚛𝟶 : 𝟷, 𝚛𝟸 : 𝟺, 𝚛𝟸𝟺 : 𝟸, ⋯}

p(η)
η(η − η2)4(η − η24)2

+
q(η)

η3(η − η2)(η − η6)2
=

p(η) η2 (η − η6)2 + q(η) (η − η2)3 (η − η24)2

η3(η − η2)4(η − η6)2(η − η24)2

𝙻𝙲𝙼({𝚛𝟶 : 𝟹, 𝚛𝟸 : 𝟺, 𝚛𝟸𝟺 : 𝟸}, {𝚛𝟶 : 𝟷, 𝚛𝟸 : 𝟷, 𝚛𝟼 : 𝟸}) = {𝚛𝟶 : 𝟹, 𝚛𝟸 : 𝟺, 𝚛𝟼 : 𝟸, 𝚛𝟸𝟺 : 𝟸}

Labelling each unique roots

p(η) η2 (η − η6)2 = {𝚊′￼𝟶, 𝚊′￼𝟷, …}

Manipulating lists of coefficients

Merging sets of roots : multiplicity

Mathematical expression in C



Ī(η) = ∑
λ∈S

ηλ
Lλ

∑
l=0

logl η
∞

∑
k=0

cλ,l,kηk

s1 = (s1f − s1i) η + s1f

⋮
m2

1 = (m2
1f − m2

1i) η + m2
1f

⋮

z = c1s1 + c2s2 + … + (m1 + m2 + ⋯)2 = z(η)

z > 0 z = 0

Analytic continuation

Logarithms introduce branch cuts Cutkowski invariants

Needs for selecting physical branch cuts

Branch cut Branch points

Feynman prescription

In the  plain, branch cuts must be 
approached from the upper-half plane

z(η)

Parametrizing invariants



log(ηi) = log |ηi | + iπ + i2πn

log(ηf ) = log |ηf | + i2πn

log(ηi) = log |ηi | − iπ + i2πn
log(ηf ) = log |ηf | + i2πn

Analytic continuation: fixed masses
The  map preserves orientationz : η → z(η)

s(η) =

s1 = (s1f − s1i) η + s1f

⋮
m2

1 = const
⋮

Varying invariants only: z(η) = c1s1(η) + c2s2(η) + … + (m1 + m2 + ⋯)2



Analytic continuation: varying masses
The  map preserves orientationz : η → z(η)

s(η) =

s1 = (s1f − s1i) η + s1f

⋮
m2

1 = [(m1f − m1i) η + m1f ]2

⋮

Varying masses too: z(η) = c1s1(η) + c2s2(η) + … + (m1(η) + m2(η) + ⋯)2

log(ηi) = log |ηi | + iπ + i2πn
log(ηf ) = log |ηf | + i2πn

log(ηi) = log |ηi | − iπ + i2πn

log(ηf ) = log |ηf | + i2πn

n ∈ ℤ



Auxiliary mass flow method
• Fixing numerical kinematics
• Insert auxiliary mass parameter 
• Known boundaries for large 
• Propagating  to 0

η
η

η

Automated method for boundary conditions

Boundaries: auxiliary-mass flow

Relevant Integrals for boundaries 



Boundaries: Expansion-by-regions
−(m2)

(m2)−ϵ

(ϵ − 1)
Γ(1 + ϵ)

ϵ

p
lim
p→0

= = (m2)−ϵ Γ(1 + ϵ)
ϵ

−
(ϵ − 1)

m2
=

Regular contribution

d
dη

=
c1(η)

η +
c2(η)

η

 limit must be regularη → 0

η=0
= −

c2(0)
c1(0)

Limit of vanishing external momentum for the 1-loop bubble

Exploiting the DEs and imposing regularity 

Known contribution 
from a kinematical limit

⟹

 and DE impose constraints on the solutionη → 0



Boundaries: Expansion-by-regions

• Impose behaviour coming from Expansion-by-regions
• Impose cancellation of unwanted power behaviours
• Getting linear relations between coefficients ci

lim
s,t→0 + ×=

Regular η−1−ϵ Regularc1ηλ1−n1H̄1(η) + c2ηλ2−n2H̄2(η) + ⋯ + P̄(η)

• DEs can be exploited to generate boundary constants
• Only a limited set of integrals have to be known
• Possible iterative strategy to evaluate missing integrals

Ansatz of the solution Behaviour predicted by Expansion-by-Regions

Idea:

Pros:

Implementation under 

investigation



Examples



P1: (p2
1 , p2

2 , s, m2
1 , m2

2 , m2
3) = (2, − 1/3, 50, 5, 7, 10)

P2: (p2
1 , p2

2 , s, m2
1 , m2

2 , m2
3) = (2, − 1/3, 1, 10, 10, 10)

P3: (p2
1 , p2

2 , s, m2
1 , m2

2 , m2
3) = (2, − 1/3, 1, 1 − i, 8/3 − 2i, 17 − i/4)

P4: (p2
1 , p2

2 , s, m2
1 , m2

2 , m2
3) = (2, − 1/3, − 1, 0, 0, 0)

Examples: 1L triangle



P1: (s, t) = (1, − 3)
P2: (s, t) = (−11,5)

EBR : u → 0, t → − s

Examples: 1L massless box



P1: (s, m2
1 , m2

2 , m2
3) = (−1,2,3,5)

P2: (s, m2
1 , m2

2 , m2
3) = (60,2,3,5)

P3: (s, m2
1 , m2

2 , m2
3) = (−1,1,5,5)

P4: (s, m2
1 , m2

2 , m2
3) = (−1,0,0,0)

Examples: 2L sunrise

EBR : s → 0



P1: (s, t, m2) = (−1,2,1)
P2: (s, t, m2) = (70,50,10)
P3: (s, t, m2) = (70,50,0)

Examples: 2L planar box

EBR : s → 0, t → 0



6 orders in 
8 digits accuracy

ϵ

• n. MI(DE): 32

• n. MI( DE): 68

•  : 12 reg + 2 sing 

• kira: 133s

• LINE(prop): 158s

• AMFlow(prop): 1121s

•   :

• LINE: 4s

•  : 18 reg + 4 sing

• LINE: 23s

η

AMF0 − P1

EBR(s, t → 0) → P1

P1 → P2

• n. MI(DE): 32

• n. MI( DE): 68

•  : 12 reg + 2 sing 

• kira: 133s

• LINE(prop): 762s

• AMFlow(prop): 2827s

•  :

• LINE: 22s

•  : 18 reg + 4 sing

• LINE: 101s

η

AMF0 − P1

EBR(s, t → 0) → P1

P1 → P2

• n. MI(DE): 32

• n. MI( DE): 68

•  : 12 reg + 2 sing 

• kira: 133s

• LINE(prop): 286s

• AMFlow(prop): 1740s

•  :

• LINE: 6s

•  : 18 reg + 4 sing

• LINE: 41s

η

AMF0 − P1

EBR(s, t → 0) → P1

P1 → P2

6 orders in 
16 digits accuracy

ϵ 6 orders in 
32 digits accuracy

ϵ

P1: (s, t, m2) = (−1,2,1)
P2: (s, t, m2) = (70,50,10)
P3: (s, t, m2) = (70,50,0)

Examples: 2L planar box

EBR : s → 0, t → 0



P1: (s, m2) = (10,1)
P2: (s, m2) = (1,3)
P3: (s, m2) = (1,0)

Examples: 2L non-planar triangle



• n. MI(DE): 16

• n. MI( DE): 52

•  : 16 reg + 2 sing 

• kira: 28s

• LINE(prop): 210s

• AMFlow(prop): 1200s

•  : 5 reg + 1 sing

• LINE: 4s

η

AMF0 − P1

P1 → P2

• n. MI(DE): 16

• n. MI( DE): 52

•  : 16 reg + 2 sing 

• kira: 28s

• LINE(prop): 102s

• AMFlow(prop): 1087s

•  : 5 reg + 1 sing

• LINE: 2s

η

AMF0 − P1

P1 → P2

• n. MI(DE): 16

• n. MI( DE): 52

•  : 16 reg + 2 sing 

• kira: 28s

• LINE(prop): 531s

• AMFlow(prop): 1597s

•  : 5 reg + 1 sing

• LINE: 8.5s

η

AMF0 − P1

P1 → P2

6 orders in 
8 digits accuracy

ϵ 6 orders in 
16 digits accuracy

ϵ 6 orders in 
32 digits accuracy

ϵ

P1: (s, m2) = (10,1)
P2: (s, m2) = (1,3)
P3: (s, m2) = (1,0)

Examples: 2L non-planar triangle



P1: (s, t, m2) = (3,2,1)
P2: (s, t, m2) = (5,2,1)
P3: (s, t, m2) = (2,8,1)
P4: (s, t, m2) = (2,10,1)
P5: (s, t, m2) = (−3, − 5,1)
P6: (s, t, m2) = (−1, − 3,1)

Examples: 2L non-planar box, 5 masses



P1: (s, t, m2) = (1,2,100)
P2: (s, t, m2) = (500,150,100)

Examples: 2L non-planar box, 4 masses



• n. MI(DE): 55

• n. MI( DE): 144

•  : 31 reg + 2 sing 

• kira: 15180s

• LINE(prop): 6600s

•  : 26 reg + 6 sing

• LINE: 214s

η

AMF0 − Q1

Q1 → Q2

• n. MI(DE): 55

• n. MI( DE): 144

•  : 31 reg + 2 sing 

• kira: 15180s

• LINE(prop): 3066s

•  : 26 reg + 6 sing

• LINE: 108s

η

AMF0 − Q1

Q1 → Q2

• n. MI(DE): 55

• n. MI( DE): 144

•  : 31 reg + 2 sing 

• kira: 15180s

• LINE(prop): 14350s

•  : 26 reg + 6 sing

• LINE: 498s

η

AMF0 − Q1

Q1 → Q2

6 orders in  
8 digits accuracy

ϵ 6 orders in  
16 digits accuracy

ϵ 6 orders in  
32 digits accuracy

ϵ

P1: (s, t, m2) = (1,2,100)
P2: (s, t, m2) = (500,150,100)

Examples: 2L non-planar box, 4 masses



binary digits 

results 32(8 dec) 64(16 dec) 107(32 dec)

internal 313 506 893

timing(sec)

np-triangle 102 210 531

planar box 158 286 762

np-box 3066 6600 14350

[t] ∝ [n]1.6

[t] ∝ [n]1.4

Examples
• Addition/Subtraction: 
• Multiplication: 
• Division: 
• Roots/Exponentiation: 

O(n)
O(nlog2 3)

O(n2)
O(n2)

Karatsuba

Schoolbook long, SRT…

Newton

Typical computational complexity

•
• Some division/roots/exponentiation algorithm share the 

complexity with the chosen multiplication

log2 3 = 1.585
Notice:

}
}



Conclusions

• Fully open source, available at https://github.com/line-git/line.git
• LINE implements the auxiliary-mass flow method, allowing to find BC within the tool up to 2L
• Self-contained evaluation of the numerical accuracy

• Exploring expansion-by-region method for generalizing the extraction of BC from the DE
• Testing and extending LINE at higher loops
• High-level structure, allowing new features:

• Unitarity cuts
• Recursive BC at  a la AMFlow
• Managing linear propagators
• Investigating phase space for a smart choice of the paths

η → ∞

We present LINE, a novel C implementation of the solution of DEs via series expansions

What’s next?
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Thank you for your attention!


