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e+e− → π+π− channel
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e+e− → π+π−

73% of aHVP-LOµ

71% of δ(aHVP-LO
µ )
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The Pion Form Factor
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The energy scan

σ0(e
+e− → π+π−,Q2) ⇐⇒ Fπ
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The radiative return

σ(e+e− → π+π−, s ′) ⇐⇒ σ(e+e− → π+π−γ)

√
s ′ <

√
s

Codes currently available:

McMule (µµγ @NLO and ππγ @NLO-ISC)

Phokhara (µµγ, ππγ @NLO)

AfkQED (µµγ, ππγ @LO + Collinear SF)
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Radiative processes
An important ingredient: NLOPS approach

Exact calculation up to NLO.

Exclusive LL resummation to all orders with explicit photon
kynematics.

NLO accuracy for radiative channels
→ e+e− → µ+µ−γ
→ e+e− → π+π−γ (With F × sQED)

Non perturbative contributions

×
{
Fπ(M

2
ππ), α(M

2
ππ)

}
(1)

1
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LL approximation

dσLOPS =
∞∑

n=1

Π(ε,Q2)
1

n!

∣∣MX
n

∣∣2 dΦn({p}, {k})

where

Π(ε,Q2) is the Sudakov Form factor where ε is the soft-hard
separator.

MX
n stands for Mex for n = 1, 2 and MLL for n ≥ 3.

∣∣MLL
n

∣∣2 =
n−2∏

i=1

[
− α

2π
P(zi ) ISF(ki , zi )

4π2 (1− zi )

ziω2
i

] ∣∣∣Mex
2 ({p̃}, {k̃})

∣∣∣
2

︸ ︷︷ ︸
e+e−→XXγγ
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LL approximation

If we define

I(k) =
4∑

i,j=1

Iij(k) =
4∑

i,j=1

ηiηj
(pi · pj)

(pi · k) (pj · k)
k2
0 ,

then
ISF(k , z) = −

∑

ij

Iij(k) · Fij(k , z)

where



Fij(k , z) = 1− δij

(1− z)2

1 + z2
i = fermion

Fij(k, z) = 1 i = scalar .

REMARK: In the limit k · p → 0 we correctly reproduce the massive
unpolarized splitting function of S. Dittmaier, arxiv:9904440
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Matching at NLO

dσα
LL = [1+ Cα,LL] |Mex

1 |2 dΦ1 + |Mex
2 |2 dΦ2

dσα = [1+ Cα] |Mex
1 |2 dΦ1 + |Mex

2 |2 dΦ2

The hard contribution |M2|2 is already exact.

To match the exact NLOsoft− virtual correction we introduce

FSV = 1 + (Cα − Cα,LL)

The master formula for NLOPS accuracy reads

dσNLOPS =
∞∑

n=1

Π(ε,Q2)FSV
1

n!

∣∣MX
n

∣∣2 dΦn({p}, {k}) .
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NNLO comparison with analytical results

Considering the inclusive case over photon angles, V.S. Fadin and R.N.
Lee (arxiv:2308.09479) provides the full expression for the NNLO
SS+SV+VV correction for the process e+e− → γγ∗(ISC).

dσss+sv+vv = c0+c1L+c2L
2+c3L

3+c4Lω+c5LLω+c6L
2Lω+c7L

2
ω+c8LL

2
ω+c9L

2L2
ω

A comparison with the O(α2) expansion (w.r.t. the radiative
process) of the master formula for the 1γ sample shows the
following.
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Tuned comparison - Eγ

Scenario KLOE-LA @ 1.02GeV
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Matrix element comparison for n ≥ 3
Scenario B with 2 additional photons with Eγ ≥ 100 MeV (Tree-level)
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ALPHA arXiv:hep- ph/9507237
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ε independence
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KLOE-LA scenario - Mµµ,ππ

δNLO =
dσNLO − dσLO

dσLO

δH.O. =
dσNLOPS − dσNLO
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KLOE-SA scenario - Mµµ,ππ
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BES3 scenario - Mµµ,ππ
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B scenario - Mµµ,ππ
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BaBar test (arXiv:2308.05233)

E∗
γ > 4GeV and 0.35 < θγ < 2.4 rad

p⊥ > 0.1GeV and 0.4 < θ± < 2.45 rad

Mµµ < 1.4GeV and 0.6 < Mππ < 0.9 GeV

p0c missing momentum with E∗
0c > 200 MeV

ππγ
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d dE
* 0C
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L
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Cfr. A. Denig’s talk.
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Summary and Outlook

Multiple photon contributions are in general important for radiative return

experiment.

Relevance of NLOPS MC event generators.

NLOPS vs NNLO ⇒ Assessment of theoretical uncertainty

A preliminary version of BabaYaga@NLO for µµγ and ππγ is working

(with room for improvement in the near future).

Future developments

ππγ with FsQED and GVMD at NLOPS accuracy.

eeγ at NLOPS accuracy.

Extension to other hadronic channels (K+K− . . . )
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Scenarios Strong2020
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Tuned comparison - KLOE-SA
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Tuned comparison - BES3
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KLOE-LA scenario - θγ
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KLOE-SA scenario - θγ̃
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KLOE-LA scenario - Eγ
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BES3 scenario - Eγ
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B scenario - Eγ
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