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Summary

e 4-loop electron g-2

e 5-loop electron g-2
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4-loop g-2

(9 — 2)/2 =Cr(a/x) + Cala/m)* + Cala/m)® + Cala/m)* + Cs(a/m)° +
F{(0) =As(a/m) + As(a/m)? + Az(a/m) + Aa(a/m)* + As(a/m)® +

JAV-VAV V-V VAVAVAV-YAV-VA]
VAV VAVAVOV N SRRV Vo

891 diagrams — 334 master integrals

-1.9122457649264455741526471674398300540608733906587253451713298480060384439806517061427. ..
+0.8865456739464431458368217306103153593904240326600647453680559093208403164656289274548. . .

e (S.L 2017, S.L 2019)
e Numerical values calculated with 1100 digits of precision

e Semi-analytical expressions fitted with the PSLQ algorithm with very high reliability.
Components of analytical expressions known with at least 4800 digits.

e Jump in complexity: analytical fits contain ~120 terms
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analytical fit of Ay
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A coloured view of the 104 self-mass diagrams
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4-loop: Main points of the calculation

Key points:

1.

generation of the 891 4-loop Feynman diagrams as photon insertions on 104 self-mass
diagram (C program)

. extraction of the contribution to g-2 (or slope); one obtains up to ~ 10° integrals, with

different powers of scalar products in the numerator and of factors in the denominator
(FORM program).

. A large system of analytic linear identities (~ 10%) between integrals is obtained integrating

by parts in D dimensions. One gives different weight to the integrals, and the system is
solved expressing the “more complicated” integrals in function of the “simplest ones”. The
integrals not reducible are the Master Integrals. (non canonical) M.I. choice maximizes
cancellations of spurious poles for intermediate checks rather than speed. (SYS)

. In order to find the unknown M.I., we need to known the systems of difference/differential

equations that they satisfy. These systems are found generating and solving other systems of
i.b.p. identities (SYS).

. For topologies with several M.I., a single higher-order equation for the “scalar” M.I. is

generated. (SYS).

. High-precision solution of the systems of difference/differential equations (SYS)

. High-precision analytical fit with PSLQ (parallel Fortran program by D.Bailey)
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Calculations: the program SYS

The program SYS

C program, 30000+ lines.

The program automatically determines the master integrals of a diagram, it builds and solves the systems of
difference or differential equations.

Input: description of the diagram, number of terms of the expansion in D — 4.

The program contains a simplified algebraic manipulator, used to solve systems of identities among integrals with
this kind of coefficients: arbitrary precision integers, rationals, ratios of polynomials in one and two variables (for
example D and z) with integer coefficients.

Efficient management of systems of identities of size up to the limit of disk space (tested up to 500 million of
identities).

Numerical solution of systems of difference and differential equations tested up to 1000 equations, using arbitrary
precision floating point complex numbers and truncated series in e.

All the coefficients of the expansions in € are worked out in numerical form, even those of divergent terms.
Floating number precision: tested up to 9800 digits (essentially one sums expansions in one variable).

Arithmetic libraries which deal with operations on arbitrary precision integers, polynomials, rationals, arbitrary
precision floating point numbers and truncated series in € were written on purpose by the author. Independent of all
other available libraries.

Several Multicore/multinode parallel versions of the program were written on purpose.

Sistematic protection of large buffers, I/O with crc/checksums. Found several subtle corruptions in the years, like
marginal coupling of non-ECC RAM modules (bit flipping, 1 bit changed per week), failing RAID systems
(corrupted blocks of 64KBytes), etc....)
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A simple example of 4-loop PSLQ analytical fit

Gr = — 2342.207514106023075423522540590792709885328732056559470807
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983139125960766918329923883871930584868496516072868729243183
317800519694759939914751761141283435810030791136838793708071
157346099787020302357526852412095436287332846448926242430503
236449547474407307581291123637921078586418676517549877972867

1671597 4381 22193 3617 71
= — 7T2—T<(3)—144 7'('2 ln2—— 4—?C(5)

512 96

240 "
393 869 803
— w2 (3) - —— %2471 In® 2457672 a4+ 2477 In? 2—74(3)2

2 162
1735 799 661

+50472¢(3) 1n2—T§(7)+?7r2g( )—@w‘*g(:a)

black: ansatz (the input)
brown: coefficients found by PSLQ (the output)

This particular fit can be found using input data with a minimum precision of 415 digits
(> 7 x 54).
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4 loops: determination of systems of difference/differential equations

Systems of i.b.p. identities solved for finding system of difference/differential equations
satisfied by the M.I.

exact arithmetic with polynomials in 2 variables

slower arithmetic, it requires more cpu

“anti”-canonical choice of master integrals for difference/differential equations: it maximizes

the cancellation of spurious poles in € for the sake of internal checks. In the worst case

37

spurious poles up € ° were generated. Drawback: (much) slower numerical solution.

it needs fast cpu
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4-loop PSLQ analytical fit

with ~ 120 analytical terms and ~ 10 digits in the numerical coefficients, minimum number
of numerical precision is ~ 10 * 120; some analytical constants appear only in particular
combinations. Using the combinations where possible, 1200 digits did suffice.

Used a modified parallel version of PSLQ (Bailey,Broadhurst); tested up to ~ 9800 digits.
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5 loops: the 954 self-masses

12672 Feynman diagrams generated by external photon insertions in 954 self-mass diagrams
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5 loops: the 954 self-masses
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5 loops: the 954 self-masses
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5 loops
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5-loop: MonteCarlo numerical values

Initial 50 discrepancy on the set “V” (diagrams without electron loops)

Cs(Set V) Volkov2024 = 6.828(60)
Cs(Set V) AHKN2019 = 7.604(140)  +« old

Cs5(Set V) AHKN2024 = 6.800(128) < new, higher statistics

Discrepancy solved.

adding the contribution of diagrams with fermion loops, the total 5-loop contribution becomes

C's(all) Volkov2024 = 5.891(61)
Cs(all) AHKN2024 = 5.870(128)
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5 loops: numbers of M.I.

# vertex  # self-mass estimate ## M.I.  actual # M.L
1 1 1 1
7 3 3 3
72 15 18 17
891 104 358
12672 954 19670

The estimate of the number of M.I. has been done solving (limited) systems of i.b.p. identities on the maximal cut.
It may slightly overestimates the real number. Number of master integrals at 5 loops is greater than expected; it is

due to the high number of i.s.p. Worst example: the maximal cut of this diagram seems to have 36 M.I.
5—Iooplmaster integlral multipliclity

Sl

I

4-loop master integral multiplicity
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5 loops: Non-mirror diagrams

New at 5 loops:

oW AW P WA W

413 418 414 417 5 929

@?\@

929 028

The above pairs of self-mass diagrams have all the same master integrals, but the photon

insertions generate different vertices which are not mirror images.

The pair 221-226 is a bit special (—}%i

221; closing on the other side gives the self-mass 226. The main master integral is the same for

closing on the left-hand side (red), one gets

both diagrams. There are some differences in the master integrals of the subdiagrams.
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5-loop: perspectives

systems of i.b.p. identities for reduction to master integrals

systems of ~ 10° i.b.p. at 5 loops ( ).

already solved ~ 30 small 5-loop systems of 5 x 10® identities

larger systems will need several TB memory and tens of TB of fast disk space
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5 loops: perspectives

numerical solution of systems of difference/differential equations

“anti”-canonical choice of master integrals: (much) slower numerical solution. Not strictly

necessary, at 5 loops it could be avoided.

The high number of M.I. (> 10)for some topologies makes difficult to generate a single
high-order equation for the “scalar” M.I, due to blow-up of the expression; numerical solution

of the system of coupled first-order difference/differential equation is needed.

5-loop renormalization requires (re)calculations of some/all 4-loop M.I. with longer

expansions in e: currently work in progress, 71% done, enough terms for 5,6,7 loop, with a

slightly higher precision of 1600 digits)
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5 loops: perspectives

PSLQ analytical fit

at 5 loops, my guess is ~ 5 x 102 terms and ~ 20 digits coefficient, so a numerical precision of

~ 10° digits could be necessary ( ).

Unfortunately, runtime goes as the power ~ 3 — 4 of the number of digits so 10° digits seem
to be a bit out of reach (but it depends on many factors, computing resources, size of the

equations,... )

A moderate precision of a few hundreds of digits seem to be more realistic for a first

numerical result
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6 loops?

e estimate: MonteCarlo 6-loop needs cpu time 8000x 5-loop cpu time for the same final 10%
error on the coefficient (Volkov at ALPHA2025)

e For the same error on g-2, 5-loop MonteCarlo should be ~ 1/8000/(%)2 ~ 23x slower than 6

loops

e a 5-loop high precision calculation is needed to move computing resources from 5-loop
MonteCarlo to 6 loops

Stefano Laporta. Procress towards the analvtical calculation of the 5-loop a-2... . MPP2025. Liverpool. 11-13 Nov 2025 Pace 22



Conclusions

4-loop 1100-digits g-2 (1600 digits in progress) allowed a successful analytical fit with
(relatively) small coefficients

the remaining QED error comes from the 5-loop coefficients
5 loops: 12672 diagrams obtained from 954 self-mass diagrams.
~ 19500 master integrals.

Extension to 5-loop of the 4-loop approach seems to be possible

10° digits needed for PSLQ analytical fit; not absolutely impossible, but extremely difficult.

Hundreds of digits more realistic for a firt result.

Surely a gargantuan task, but with enough computer power. ..
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The End

The End
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Backup slides

Backup slides
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Contributions at one loop

(g —2)/2 =Ci(a/n) + Ca2(a/7)? + Cs(a/m)? + Ca(a/m)* + Cs(a/m)® + ...
F{(0) =A;i(a/n) + Az(a/7)? + Az(a/7)% + Ag(a/m)* + As(a/m)5 + ...

1 diagram — 1 master integral

1
Cl:i

Obtained by Julian Schwinger in 1948

(Bethe 1947)
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Contributions at two loops

(9 — 2)/ 2 =Ci(a/m) + Ca(a/m)? + C3(a/m)” + Ca(a/m)* + c5<a/7r>5
F/ —=A; (o/7) + Ag(a/7)% + Az(a/7)® + Ag(a/7)* + As(a/70)°

AAAAAA/O\

7 diagrams — 3 master integrals

197 1 1 3
C, ——+ —r*— =’ In2 4 7 ((3) = —0.328 478 965. ..

144 12 2
4819 49 1 3

Ay = — — 21 —g2ln2- = — 0.469 941 487. ..
0 ST 4327r+27r n 4§(3) 0.469 941 487

e (5 was computed by Petermann and Sommerfeld in 1957.

e A5 was computed by R. Barbieri, J. A. Mignaco and E. Remiddi in 1972.
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Contributions at three loops

(g — 2)/2 =C1(a/7) + Ca(a/m)? 4+ C3(a/7)® + Cy(a/m)* + Cs(a/m)° + ...
F{(0) =A;i(a/n) + Az(a/7)? + Az(a/7)% + Ag(a/m)* + As(a/m)5 + ...

JAY VA VAV VAV N R

72 diagrams — 17 master integrals

72 3 2 24 24 | 2160

83 215 100 1 In* 2 m2In? 2 239 139 298 17101 28259
C3 = W24(3)—JC(5)+— [(LM <—>+ ) — ] 4+1—8C(3)—77211’12+ 2

810 © T hisa
_ 1.181 241 456 . ..

P 203 4 25«5) 217 (. (1) N In* 2 103 5 5, 3899 , 2929((3)+ 41671 5 454979 ,
= —— — - — 1 — — 7 In T - — 7 ln s
3 24 8 9 *\2 24 1080 25920 288 2160 38880

77513

— = 0.171 720 018. ..
186624

e (3 was obtained by S.L. and Ettore Remiddi in 1996.

e As was obtained by Melnikov and Ritbergen in 1999.
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analytical fit part 1

Cy=1T+ \/§Va + Vp + Wy + \/§Ea + by +U 121 terms

~ 1243127611 30180451 255842141 8873 6768227

130636300 | 25920 ¢(2) - 2721600 C(S)_'____C( )In 2160
¢(3)¢(2)

10063 12097 1 2862857 12720907
202 (2)In2 2 4 L ~pta) - 222000 by 22
o ¢ "2+ (a4 . ) s1z0 ) ~ 64800
191490607 10358551
5 2) + 220 gy 4 000090
16656 43200

90 24

221581 9656 1
— NIn2 4+ —— —(2)In®2 — —
2160 (W In2+ (a5+ 5¢(2)n

27
40136 26404 700706 26404 26404 63749
— be — 2) — In24+ —¢(B)In2 — ——((3)¢(2)In2
g+ b — S aa(2) 27a5n+2 ((5)In2 = ==((3)¢(2) In
(7)

40723 13202 253201 7657 2895304273
———((4)In?24+ =——Z¢(3 —— In" 2
@2+ —=((3)n (@) nf2+ =20
670276309 85933 7121162687 142793 195848
——((4)C(3 3 9)C(2) — 2) —
S CA)C(3) + T aa(3) + e (BN () — e as((2) - — a7

195848 116506 4136495 1053568 233012
by — d7 — ———((6)In2 — ———agln2 + bg In 2
63 189 384 189 189

407771 5 8937 833683 o 3995099 o
3)In2 — 2)In2 5)In“2 — ———((3)¢(2)In" 2
o3 In2 - a2 In2 4 —2((5) In?2 - o ((3)(2) In

9233012 1705273 602303 1650461 52177
— In224+ """ "¢(4)1n32 Nn*2 - () In®24+ 2= 1n"2
g o2+ o C(4)n 1536 <) 11340 <P 1072+ e ln

¢*(3)

an = Lin(1/2), bs = Ho,0,0,0,1,1(1/2), bz = Ho,0,0,0,0,1,1(1/2), d7 = Ho,0,0,0,1,—1,—1(1)
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analytical fit part 2

Cy=T+V3V,+ Vs + Wy, +V3E, + E, + U

14101 (71‘) 169703
@780 t\3 1440

Qang(g)

) ) )

27 27
27 437 7
+19ImHp,0,1,0,1,1 <€l%> + Elmﬂo 0,0,1,1,1 (61%

4940 N 520847 129251
Cl (—) _ 5)r — ¢(4)Cl ( )
g 23 69984 o)™ (4)Cl2 3
892 ox 1784 . 1729 oz
— s o111 ( "% )C(Q) — EImHO,l,l,—l (6 3) ¢(2) + —C(3)ImH0 1,—1 ( 3)

1729 2 837190 25937
—|——C(3)ImH0 1,1 (6 3 ) + 799 Cly <_)C( )+ C( )C(Q)ﬂ-

3 4860
223 892 446 27
——C(4)7Tln2 + —ImHo 1,-1 (e 3) ¢(2)In2+ ?ImHo,l,l (ez%> ¢(2)In2

g)C(Q) In? 2 + fﬁcb (g) In? 2

494 . 2ny 494 i2x
+—ImH0001—1—1< )+—ImH0001 1,1( 3)+—ImH00011 ( 3)

29812  (
% (3)

297 3

7

Cl,, (8) = ImLi, (e'%)
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analytical fit part 3-4

Cy=T+V3V,+ Vi, + W, +V3E, + E, + U

13487 13487 s 136781 5, /™

Vi :TRGHO,O,O,l,O,l (61%) + WCM (g)Clz <§> + 20 Cl3 (g)C(Q)

651 %id o 17577 :
+TReHo,o,o,1,o,1,—1 (613 + 651ReHo,0,0,0,1,1,—1 (e"3) - ?RGHO,O,l,O,O,l,l (61 )

) ) Y

87885 ) 17577 27
—TRGHO,O,O,l,o,l,l (61 ) - TRGH0,0,0,0,1,1,1 (61 3 )

651 T : 1953 s 2 31465 T
227 ¢l (—) 222 (—)1 H, (?) 220 (—)
+ 1 4 3 + 3 4 3 miip,1,1 | € + 176 6 3

211 : 211 i
+TR€H0,1,0,1,—1 + TRGHO,O,l,l,—l (6 3 ) 4(2)

1899 : 1899 27
+1—6ReH0,170,1,1 (61 4(2) + TR’GH())O)l’l)l (el 3 )C(Q)

—|—2TillmH0,1,_1 <6i%> Cla (g)C(Q) + 6fiSIHULIO,l,l <€i ) Cla (g)C(Q)

Wi :—%C@)Cb (g)Q + 104 <4R6H0,1,0,1,1 <€i%) ¢(2) +4ImHo,1,1 <€i%> Clz (g)C(Q)

_2Cl, (g)g(z)w 1 Q12 (g)g(z) In 2 )

Cls (%) Catalan’s constant (32
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analytical fit part 5-6 (elliptic)

Cyo=T+ V3V, + Vs + Wy +V3E, + F,+ U

28458503 250077961 483913 4715 270433
E, =nr (——B —(13) + 7 £2(0,0,1) —|—7T<—ln2 £2(0,0,1) + £2(0,2,0

691200 3 18662400 77760 1944 10935
59525 59525

188147 188147 826595
_ 0,1, 0,0,1) = =212 f2(0,0,2) + =" In2
o o)+ o >)+7r(248832<< 720,01 = 222105 £0,0,2) + 22102 0,

59525 526015 4675 1805965 3710675

Tagz P ROBOT 5gap 2009~ g 20 HMMO’Q’”_MMO’?”O)

75145 213635 168455 69245
,0) + f2(2,1,0)

_ 1,0,2) — 1,1,
12411672 )~ e 2 b+ 5508 2 124416

_ 4715 2541575 556445 54515 75145
Ey ——@C(z)h(o 0,1) +¢(2 )(—82944 f1(0,0,2) — D f1(0,1,1) + ———f1(0,2,0) — 20736f1(1,0, 1))

f1(i, 5, k) :/9 ds D? {s — g] In* (9 — s)In (s — 1) In" (s)  f2(4, 4, k) :/9 ds D1(s)V3ReD,y, (s) |:s — %} In (9 — s)In? (s — 1)

<ﬁ—wﬁ+m) Da(s) = 2 K<Ljﬁ—wﬁ+ﬁ>

D1(s) =

2
\/(\/§+3)(¢E—1)3K((ﬁ+3>(¢§—1)3 Vs +3)(/s5 — 1)3 (V54 3) (/s — 1)3

K (x) complete elliptic integral of the first kind
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analytical fit part 5-6 (simplest elliptic constants) ...

These constants have a hypergeometric expression (S.L. 2017, Y.Zhou 2018)

T - 1111 - 5 2 2
—/3 [4F3 (6§3§3_ ) + 4F3 (61313é ;1)}
54 6 6 3

6 6 3

1

2
T 1 221
_\/g . 32;1
27 | 5 &

4
3

T
— /3
27f_

3 2
i1 —A -V 3
)}4—10 3+97T\/_

1 F3 a1b;12b2a3l,)3a4;x 7 (a4) albfzb;%;‘l;x) regularized hypergeometric

2
o(z) = —= F(%lé;x Ee(z) = (1

\/—2—721

As cancels out in the diagram contributions; Ds do not appear in 4-loop QED ¢-2 integrals.
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analytical fit part 7

Co=T+V3V, + Vs + Wy, + V3E, + Ey +

541 629 49 327 49 37
U — _—C a ~ —C - c - A~ a - - Cc
300 81 60 s1p + 3 Cy1 760 Cg3g + 36 Cssp + 5 Cs3

Csgzy known only numerically (~ 4800 digits)

) (9,9, 9")

Cszy are the €V coefficients of the e—expansion of six master integrals f, f', £/, 9,9",9”: (f, ', f”) and (g,9’,¢9") have
numerators respectively equal to (1, p.k, (p.k)?)
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